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mode controller with fractional-order reaching law

Chun Yin',Yuhua Cheng', Xuegang Huang?,Shouming Zhong?

1. School of Automation Engineering, University of Electronic Science and Technology of China, Chengdu 611731, P.R. China
E-mail: yinchun.86416@ 163.com; yhcheng @uestc.edu.cn

2. China Aerodynamics Research & Development Center, Mianyang 621000, P.R. China
E-mail: emei-126@126.com

3. School of Mathematics Science, University of Electronic Science and Technology of China, Chengdu 611731, P.R.China
E-mail: zhongsm@uestc.edu.cn

Abstract: In this paper, the problem of robust stability of fractional-order nonlinear systems under sliding mode control
(SMC) with fractional-order (FO) switching law is discussed. The proposed FO switching law, involving an FO derivative
function, is proven to guarantee that the reaching phase can happen in finite time. The calculation formula of the reaching
time is computed. The comparisons between FO and integer-order (I0) switching laws reveal the potential advantages
of one controller over the other. The stability criterion of the sliding mode dynamics is derived in terms of linear matrix
inequalities (LMIs). The tradeoff between control performance and parameters selection is discussed and visualized.
Simulation results are presented to illustrate the effectiveness of the designed FO SMC.
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1 INTRODUCTION

Fractional calculus deals with FO differentiation and inte-
gration [1, 2]. Most of the real systems are actually with
FO dynamics, such as viscoelastic fluids, chaos and frac-
tals. FO controllers, as a generalization of IO controllers,
have a greater flexility in improving the performance of the
controlled system. This possible benefits have attracted in-
terest in a great variety of FO control [3, 4, 5, 6, 7, 8].
SMC [9, 10, 11, 12, 13] is known as a robust method to con-
trol nonlinear systems operating under uncertainty condi-
tions. The main feature of SMC is to switch the control law
to force the states of the system from the initial states onto
some predefined sliding surface. Most published results
about FO SMC are limited to FO linear systems via SMC
[13], FO chaotic systems under SMC [14, 15, 16, 17, 18]
and some application of FO SMC [8, 19, 20]. However, one
main problem is how to develop direct systematic methods
for designing SMC for FO nonlinear systems. Although
this scheme has been discussed in the recent work [21], it
needs to further explore the properties of FO SMC for FO
nonlinear systems. It should be analyzed why and how to
obtain a better control performance for FO SMC.

With this motivation, a novel FO SMC including FO
switching law and fractional integral sliding surface is pro-
posed for uncertain FO nonlinear systems. Some effective
tools for FO control analysis are given. A concept of the FO
sign function Dfsgn(s),0 < ¢ < 1, involving an FO dif-
ferentiator, is introduced to building a switching law. Simi-
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lar to the sign function, D{sgn(s) is proven to be able to ex-
tract the sign of s in this paper. It can ensure the occurrence
of the reaching phase in finite time. More importantly, the
calculation formula of the reaching time t,¢qcp, under FO
switching law is derived, for the first time. The comparison
between FO and IO switching laws reveals the potential
advantages of one controller over the other. For the sliding
phase, a fractional integral sliding surface is developed for
FO nonlinear systems, based on our previous work [22].
The sliding mode dynamics is analyzed to achieve to sta-
bility condition. Finally, simulation results demonstrate the
advantages of the designed control scheme.

Notations: A < 0 means that A is a real symmetric nega-
tive definitive matrix. AT and A~ represent the transpose
and the inverse of matrix A. [ is the identity matrix with
appropriate dimensions. diag{---} denotes the block di-
agonal matrix. @ is the Kronecker product of two matrices
and (A® B)(C® D) = (AC)® (BD). Sym{X} denotes
the expression X7 + X.

2 FORMATTING INSTRUCTIONS

Consider the following uncertain FO nonlinear system

DPz(t) = (A+6(t))a(t) + Ff(x,t) + Bu(t) + Baw(t),
y(t) = Ya(t), (1

where x(t) € R", u(t) € R*,y(t) € RY are the state vec-
tor, the control input and the output. f(x,t) € R! is the
nonlinear function. w(t) denotes the external disturbance,
which is assumed to be bounded (i.e. there exists a posi-
tive constant d such that [|w(t)|| < d). A € R F €
R™*! B € R™* B; € R™* ¥ € RV ™ are constant
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known matrices. [ is the fractional commensurate order
satisfying 0 < 8 < 1. The time-varying uncertainty &(t)
is assumed to be () = WU (t)N, where W, N are known
real constant matrices, the time-varying continuous func-
tion U (t) satisfies ||U(¢)|| < 1,V¢t > 0. Before deriving
the main results, we need the following definition and Lem-
mas:

Definition 2.1 The Riemann-Liouville fractional integral
with « is defined as

1 t o1
T / (t = 1) ¢(r)dr, @)

where ((t) is an arbitrary function, I{* is the fractional in-
tegral of order o on [0,t], and T is the Gamma function.
Likewise, the Riemann-Liouville definition of the Sth-order
fractional derivative operator is defined as

L dy [f )
Tm =73 ar) /O(t—7)1+ﬂ—md77 3)

where m is the first integer larger than (3, i.e. m—1 < 3 <
m. The Caputo definition is

1 RS
T(n—a) /0 =l @
b o) dr,0 <

Lemma 2.1 [8] For Djo(t) = F(l o) dtf G=or
q < 1 and sign function, one can conclude that

() =17 =

DJ¢(t) =

Di¢(t) =

0. >0, if o(t)>0, when t>0,
Dtsgn("(t)){ <0, if o(t)<0, when t>0,
(%)

Remark 2.1 A concept of the FO sign function
Disgn(0),0 < ¢ < 1, including an FO differentia-
tor, is proposed. Alike to the sign function, D{sgn(o) is
demonstrated to be capable of extracting the sign of o.
One may think it is trivial compared with the sign function
itself; others may doubt that it is against instinct compared
with the derivative of a generic function. The meaning of
Disgn(c),0 < ¢ < 1 is the FO derivative of the sign
function. The sign of the derivative is generally not the
same as the sign of the function itself. However, the sign of
D{sgn(c),0 < ¢ < 1 is shown to be the same as sgn(o)
in this paper. This is the important property of the FO sign
function.

Remark 2.2 The FO sign function will be applied to build
an FO switching function. According to Lemma 2.1,
the corresponding FO switching function can guarantee to
force the system on the sliding surface. It will be shown in
the following.

Lemma 2.2 For any matrices X and Y with appropriate
dimensions, one has

XY +YTX <1/ NXTX +AYTY, YA>0. (6)

Lemma 24 Let = € R"™™ 0 < < 1 and ¢
(1 — B)(n/2). The FO system (d®z(t)/dt?) = E (t) is
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asymptotically stable if and only if there exist two posi-
tive definite Hermitian matrices Q1 = Q7 € C™*™ and
Q2 = Q5 € C"™ ™ such that e/'Q1=* + e %1=Q, +
e Qe=* + e"2Qy < 0 or ”QE 4 e Y= Q, +
e Q= + =24 Q, < 0.

Fact 2.1 A complex Hermitian matrix () satisfies @ < 0 if
and only if

Re(Q)
—Im(Q)

Im(Q)

Re(Q) <0. (7

3 Sliding surface and control scheme design

In this paper, an FO integral sliding surface is built
s =D Ciz + Cy2), (8)

in which Dz = Kz — z with s € R*, 2z € R, () €
REX™ Oy € REX K € R**™,. Based on the IO and FO

sign function, sgn(s) : R* — R*, Disgn(s) : R* — RH
are defined by
sgn(s) = [sgn(s1),sgn(sz), -, sgn(s,)]’,
Difsgn(s) = [Dsgn(s1), -, Difsgn(s)]", )

where ¢ satisfies 0 < ¢ < 1. Then, from (9), a new FO
switching law is proposed as follows:

Ureach = —HD§SgH(S)7 (10)
where H = diag(hi, he, -+, h,) with h;, (i =
1,2, -, ) are positive constants.

Remark 3.1 The parameter ¢ is the fractional-order of the
FO sign function Dfsgn(s),0 < ¢ < 1. The parameter ¢
can be tuned to obtain a shorter reaching time and better
control performance. Note that sgn(s) is a special case
of Disgn(s). Therefore, the classical 10 switching law
should be equivalent to the above FO switching law (10)
with ¢ = 0. Hence, there is a better flexibility in adjusting
FO than IO switching law.

In this case, the sliding mode control law is given

u = _(ClB)il[(OlA+02K+Cl)x+c’1Ff($7t) —I—ﬂ],
(1)
in which # = w; - Dgfﬁs with  w; =
|CuW || [|Ne|| sgn(s) + d||Cy Ballsen(s) + HDfsgn(s).
In the following, the reachability condition of the sliding
surface will be considered.
Theorem 3.1 Consider the FO nonlinear system (7) and
sliding surface function (8), the trajectories of the system
(7) under the controller (11) with the FO switching law (10)
can be driven onto the sliding surface s(¢) = 0.
Proof. Consider the following V' (t) = s7'(t)s(t). Taking
the fractional differentiating with respect to time, one has

V =[C1DPx+ CyDP ) s + sT[CL Dl x4+ CLDP2). (12)
Substitution of (7) and (11) into (12) yields

V = [C16(t)x + CBaw(t) — wi]Ts
sT[C16(t)x + CLBaw(t) — wi].  (13)
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Since ||G(t)]| < 1, one has

V = Q+ QT — (s"HD{sgn(s) + (HD{sgn(s))"s)
< —(sTHDsgn(s) + (HD!sgn(s))Ts), (14)
where = sTCo(t)r + sTC1Bgw(t) —
sT|CYW || || Nz| sgn(s) — sTd |C1 Bal| sgn(s).
According to Lemma 2.1, one has V' < 0. One can con-
clude that the state trajectories of the system (7) under the
controller (11) hit the sliding surface. Hence, the trajecto-
ries of the system can be driven onto the predefined sliding
surface. The proof is completed.
Finite reaching time is one of the main characteristics of
SMC. The calculation formula of reaching time will be ex-
plained later. First, we consider the sliding surface s(t) €
R.
Hence, we have 0.5V = s§ < —hsD}sgn(s), in which h
is a positive constant. Let s§ = —hsD{sgn(s), consider
two cases:
1) when the initial condition s(0) is greater than zero

(s(0) > 0),

= —hD{sgn(s). (15)
Hence, S(t) = —% + S(O) Att = treachs

$(treach) = 0. Thus, one has

treach = (8(0)(1 _ q)F(l -

1/(1—q)
> q)> . 6)

2) When the initial condition s(¢) is less than zero (s(0) <
0),
$ = —hD{sgn(s). 17

Hence, s(t) = % + 5(0). Att = treachs

5(treacn) = 0. Thus, one has

—5(0)(1 —g)T'(1 — q))l/(IQ) . (18)

treach = ( h

According to 1)-2), one can obtain

e = ((HQUL= 0T q))”“”
reach — . (19)
h
Remark 3.2 Considering the 10 switching law Uyeqer, =
—hsgn(s), there are two cases: 3) when s(0) > 0,
treach = $(0)/h; 4) when s(0) < 0, treaen, = —5(0)/h.
Thus, the reaching time under the 10 switching law is
treach = |5(0)‘/h
Remark 3.3 Due to DVsgn(s) = sgn(s), it is more likely
for the FO switching law to obtain better performance.
According to (19), the parameters s(0), h and q have in-
fluence on t,cqcn. Figure 1 shows the changes in t,cqch
along with h/|s(0)| and q, in which h/|s(0)| € [1,5] and
q € [0,0.98]. One has that t,.cqcp, via the FO switching law
with 0 < q < 0.98 is smaller than that the 10 switching
law does, when 1 < h/|s(0)| < 5. For the other condi-
tions, the smaller can be derived by analyzing relationship
among treach, $(0), h, q, similar to the above case.

0g

0B

L
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LER
0z

a1

a
Wis{oy 7 04 q

Figure 1: The relationship between t,.cqcp, g and h/|s(0)],
when considering the FO switching law.

For the switching surface s = [s1(t), sa(t), - -, s, (t)]7
R, the reaching time ¢, ,, for s;(¢), (i = 1, 2, -, jt) can
be derived as the same steps as the above analysis

i <|Si(0)‘(1*q)r(1

reach — L
i

N 1/(-g)
q)> Qo)

Hence, the reach time iS t,eqcn, = max{t
17 27 e 7/1’}

Next, the stability analysis of the sliding mode dynamics
will be investigated. Substituting the controller (11) into
the system (7), the sliding mode dynamics can be obtained

reach>

DY x(t) = (—C7 CoK — I+ 6(t))a(t),
y(t) = V(). 1)

Theorem 4.2 The FO sliding mode dynamics (21) is
asymptotically stabilization if there exist two real sym-
metric matrices G € R"" k = 1,2, and two skew-
symmetric matrices Gga € R"*" k = 1,2, and real scalar
scalars \j; > 0, (i, = 1,2), such that

I =11 * * *
IQ ® (G11W) 522 k * *
IQ ® (G12W) 0 533 * < 07 (22)
IQ ® (G21W) 0 0 544 *
| L®(GeW) 0 0 0 Ess
Gll G12 G21 GQQ
| —G12 Gu } - 0’[ —G22 G2 } >0, @)
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where
2 2
= = Z Z {Sym{A” ® G,-j(—C’l_ngK - I)}
i=1 j=1
+Xij(Io @ NTN)}, E9o = —Ai112,,E33 = —Ai2oy,
SIS —_/\21127L7,T555 = —)\272T12m
sin(gﬁ) cos(§ﬁ)
A11 = - . )
— cos(gﬁ) sin(iﬁ)
L 2
- C05(55) 51“(55)
A12 - - . )
- Sin(gﬁ) - 005(55)
I sin(gﬁ) fcos(gﬁ)
A21 = - . )
cos(§ﬂ) sin(§ﬂ)
r o s
005(55) 5111(55)
Ao = - -
| —sin(55) cos(56)

Proof. Since §(t) = WU ()N, the sliding mode dynamics
can be rewritten as

y(t) = Wa(t). (24)

Suppose that there exist two real symmetric matrices
Gr1 € R"™ ™ k = 1,2, and two skew-symmetric ma-
trices Gpo € R"™ ™ k = 1,2, and real scalar scalars
Xij > 0,(i,7 = 1,2), such that (22) and (23) hold. It
follows from Lemma 2.4 that

2
Z Sym{A;; ® Gij(—C7 ' CoK — T +6(1))}

1j5=1

N

.
Il

2

Zzsym{AZ] ®( z]( CilCQK - I)}

i=1 j=1

2 2
+3°3 " Sym{Ai; @ (G WU(N)}. 25)

i=1 j=1

Note that the time-varying continuous function U (t) im-
plies

(LeUM)(LeU®l)" = (LeoU®) (U (t)
=L UMUT(t) < 1(26)

Since AT Aij = 1o, (4,5 = 1,2), it follows from (17) and
Lemma 2 2 that for any real positive scalars \;;, (i,j =
1,2)

Sym{A” ® (ngWU(t)N)}
= Sym{(l2 ® Gi;W)(I2 @ U(t))(Ai; @ N)}

<A (L @ GyW) (I ® Gy W)™ + Xij (I, @ NTN). (27)

2016 28th Chinese Control and Decision Conference (CCDC)

Substituting (27) into (25), one has

2
Z ZSZJW{Aij ® Giy(—Cy ' CoK — T+ 6(t))}
=1 j=1
2
< Y Sym{Ai; @ Gij(—Cy 'CoK — 1)}

i=1 j=1

+ZZ{)\U(12 (9 NTN)}
+D > N @ GyW) (L ® G W)} (28)

i=1 j=1

V)

Taking (28) into account and using Lemma 2.2 for (22), the
following inequality is obtained

2 2
Z Z Sym{Ai; ® Gi;(—Cy 'CoK — 1+ 45(t)} < 0.
i=1 j=1

(29)

From Fact 2.1, defining # = (1 — 3)(/2), one can con-

clude that
Sym{Gu(—Cflch — 11 + (5(t)) cos
—Gha(—=Cy Oy K — T4 6(t)) sin 0
+Ga1 (—CT Oy K — I +5(t)) cos @
+G22(—C;102K — ]+ 6(t))51n6’}
+i(Gy1 (~Cy O K — T+ 4(t))
—(=C7 CoK — T+ 6(t)TG1y)sind
+i(Gr2(~Cy Oy K — T+ 4(1))
—(=C{'CoK — T+ 6(t)TGT,) cos b
+i((=CT ' CoK — T+ 6(t)TGn
*Ggl(*C;lch -1 + 6(t))) sin@
+i(Gap(—CT O K — T+ 4(t))
—(=C7 oK — T+ 6(t)TGL,) cos < 0. (30)
Furthermore, one has
(cos +isin0)(G11 + Gai)(—C7 ' Co K — T+ 6(t))
+(cos @ —isin0)(—C;'CoK — I +6(t)T (G — Goi)
+(cos 0 — isin0)(Ga1 + Gooi)(—C 'CoK — I + 6(t))
+(cos O 4 isin0)(—C ' CoK — I+ 6(t)T (Ga1 — Ghai)
<0, (31
On the other hand, from Fact 2.1, (31) is equivalent to
G111+ Gi2i > 0,Go1 + Goi > 0. (32)

Let Gx1 = Re(Qk), Grz = Im(Qy), k& = 1,2. Hence,
one has that Q; = QF € C"" and Q2 = Q5 € C™*"
are Hermitian matrices. From (31) and (32), the following
inequalities can be obtained

Q1 (—CT ' CoK — T +6(t))

+e (—CT oK — T+ 6()* Q)

+e Qo (~CT Oy K — T+ 6(1))

e/ (—CT O K — T +6(1)*Q2 < 0, (33)

Q1 >0,Q2 > 0. (34)
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Hence, the sliding mode dynamics (21) is asymptotically
stable. This completes our proof.

4 Numerical Simulation

In this section, one example is utilized to demonstrate the
effectiveness and applicability of the proposed method.
Example 1. Consider the following system

a11 —0.66 2.4

Dz = | =27 ayn 24 |z

~0.35  1.95 ass
10 0 0

+ 01 0 —0.3{E1I3
0 0 1 O.lxll‘g
100

+10 1 0 |u®), (35)
00 1

in which a1; = 2.75 4+ 0.1sin(0.12t),a90 = 7.29 +
0.1sin(0.12t), a3z = 9.78 4+ 0.1sin(0.12¢), 8 = 0.9 and
the uncertainty 6(¢) = WU ()N with

1 0 0
W=N=|0 1 0],
0 0 1
0.1sin(0.12¢) 0
U(t) = 0 0.1sin(0.12t) 0
0 0 0.1sin(0.12¢)
Let
—0.6483 0 0
C, = 0 —0.6483 0 ,
0 0 —0.6483
1 00 02 0 0
Co=]0 1 0|,H= 0 02 0
0 0 1 0 0 02

By using Theorem 3.2 to the system (35), a feasible solu-
tion of the symmetric matrices is found using MATLAB
LMI Control Toolbox:

1.3761  0.8911 —1.3078
G =Go1= | 08911 —25141 —0.1986 |,
~1.3078 —0.1986 1.9517
-1 0 0
K=| 0 -1 0 |,Gia=Ga»=0,
0 0 -1

A1 = 0.6343, A12 = 0.5700, Aa; = 0.5700, Aa2 = 0.5761,

By using (14), we can obtain the following SMC law:

~5.2925  0.6600  —2.4000
w= | 27000 —9.8325 —2.4000 |z
0.3500 —1.9500 —12.3225
100
—10 1 0| f(x0
00 1
15425 0 0
+| 0 15425 0 |a,  (36)
0 0  1.5425

7290
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Figure 2: Time responses of states for the system (35) via
the FO SMC (36).

in which @ = 0.6211||N||sgn(s) + H Dlsgn(s) — D; s
with ¢ = 0.9.

By Theorem 3.1, the system (35) under the controller (36),
designed with the above parameters, converges to the slid-
ing surface:

0.6483 0 0
s =D;% ¢ — 0 06483 0 x
0 0  0.6483
100
+10 1 0|z
00 1
-1 0 0 100
D2 =10 -1 0 [z—|0 1 0 |2@37
0 0 -1 00 1

Figures 2-4 are the simulation results with the initial con-
dition is [x1(0), 22(0), 23(0)]" = [6.65, —5.86, —3.81].
The fractional integration operator is approximated via
Carlson method in frequency range (0.01,100) rad/s by us-
ing MATLAB toolbox called Ninteger. Figure 2 shows the
time response of 1,2, x3 of the system under the con-
troller (36) and the sliding surface (34). It shows that the
controller (36) guarantees the states reaching to the sliding
surface and final stabilization. Figure 3 shows the sliding
surface (37). The control input (36) is depicted in Figure
4. It is obvious that the designed controller asymptotically
stabilizes the unstable FO nonlinear system and the closed-
loop system behavior is satisfactory.

5 Conclusions

The FO SMC with the FO switching law is proposed for
a class of uncertain FO nonlinear systems. The proposed
FO switching law is proven to ensure the occurrence of the
reaching phase in finite time. The calculation formula of
the reaching time is provided. The reachability analysis is
discussed and visualized to show how to obtain a shorter
reaching time. The stability analysis of the sliding mode
dynamics is obtained by solving LMIs. Simulation results
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Figure 3: Time responses of the sliding surface (37).
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Figure 4: Time responses of the controller (36).

are presented to illustrate the effectiveness of the designed
FO SMC.
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