
  

1 INTRODUCTION 
Reinforcement learning (RL) method is a machine learning 
framework for solving sequential decision-making 
problems [1]. Since such problems arise in the crossing 
field of artificial intelligence, control theory and many 
other related research areas [2, 3, 4, 5], RL has been widely 
studied as an universal optimization method. The 
environments in RL are usually modelled as Markov 
decision processes (MDPs).  As the standard approach of 
MDPs, dynamic programming (DP) is inefficient when the 
MDP has a large number of states and actions or the precise 
model is unknown. However, RL is considered as a way of 
turning DP into practical algorithms to solve large-scale 
problems [6, 7]. 
Most of RL algorithms learn the value function under a 
fixed policy in a MDP [6]. Temporal difference learning 
(TD) is one of the most well-known algorithms for 
estimating value function through the observed samples 
[6]. However, TD with function approximation diverges 
under off-policy sampling. In order to make TD learning 
suitable for off-policy situation, gradient-based TD 
learning and least-square-based TD learning have been 
developed. Gradient-based TD learning contains a series of 
first-order algorithms, such as off-policy TD( ) [8], 
off-policy TD with corrections (TDC) and off-policy 
gradient TD ver. 2 (GTD2) [9], etc. Meanwhile, 
least-squares-based TD learning contains several batch 
methods such as off-policy least-squares TD (LSTD) [10], 
off-policy least-squares policy evaluation (LSPE) [10], and 
off-policy convergence least-squares TD with gradient 
correction (LSTDC) [11], etc. Algorithms in both of the 
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above two categories have been extended to eligibility 
traces [12], and combined with linear function 
approximation (LFA) as the value function estimators. 
Most of the LFAs in RL use local feature functions, but the 
limitation is that the number of required features grows 
exponentially with the dimension of input space [13]. Thus, 
local feature functions are not suitable for high dimensional 
problems [13-15].  
Recently, extreme learning machine (ELM), a novel kind of 
artificial neural network (ANN) using global feature 
function, has attracted great attention because of extremely 
fast learning speed and good generalization performance 
[16]. ELM has been used to solve some value prediction 
problems successfully, such as Q-value function 
approximation by using an ELM-based Q-learning method 
[17], linked multicomponent robotic systems dynamics 
approximation for RL [18], and a least-squares temporal 
difference combined with the ELM (ELM-LSTD) [15], etc. 
All of these successful applications benefit from the global 
approximate ability of ELM to improve the performance of 
approximation. In addition, the nonlinear parameterized 
structure of ELM has more powerful generalization ability 
than LFA.  
However, the random initialization of ELM parameters can 
result in fluctuating performance [19-21]. Especially for 
sparse data, the effect of random parameters imposed on the 
generalization performance can be quite significant [22]. 
Various algorithms have been studied to overcome this 
difficulty lately [19-23]. Among these methods, a 
regularized variant named Regularized ELM (RELM) is an 
efficient method to achieve stable performance [23]. 
Therefore, a good performance can be expected by 
combining LSTD with RELM. 

 

Least-Squares Temporal Difference Learning with Eligibility Traces based on 
Regularized Extreme Learning Machine 

Dazi Li*, Luntong Li, Tianheng Song, Qibing Jin  
College of Information Science and Technology, Beijing University of Chemical Technology, Beijing 100029, P R China 

E-mail: lidz@mail.buct.edu.cn 
 

Abstract: The task of learning the value function under a fixed policy in continuous Markov decision processes (MDPs) 
is considered. Although ELM has fast learning speed and can avoid tuning issues of traditional artificial neural network 
(ANN), the randomness of the ELM parameters would result in fluctuating performance. In this paper, a least-squares 
temporal difference algorithm with eligibility traces based on regularized extreme learning machine (RELM-LSTD( )) 
is proposed to overcome these problems caused by ELM in Reinforcement Learning problem. The proposed algorithm 
combined the LSTD( ) algorithm with RELM. The RELM is used to approximate value functions. Furthermore, the 
eligibility trace term is introduced to increase data efficiency. In experiments, the performances of the proposed 
algorithm are demonstrated and compared with those of LSTD and ELM-LSTD. Experiment results show that the 
proposed algorithm can achieve a more stable and better performance in approximating the value function under a fixed 
policy. 
Key Words: Reinforcement learning; Markov decision processes, Function approximation, Least-squares temporal 
difference learning, Regularized Extreme learning machine. 

 

7243978-1-4673-9714-8/16/$31.00 c©2016 IEEE



This paper focus on using RELM combined with LSTD 
(RELM-LSTD) to improve the approximate performance 
in RL. Also, RELM-LSTD is extended to RELM-LSTD( ) 
to speed up the learning convergence. The proposed 
algorithm not only reduces the tuning work comparing with 
LSTD, but also achieves more stable and higher accuracy 
performance than ELM-LSTD. In our experiments, the 
learning performances of RELM-LSTD( ) are compared 
with those of LSTD and ELM-LSTD, and the experimental 
results demonstrate the effectiveness of the proposed 
algorithm. 

The rest of this paper is organized as follows. An 
introduction to ELM is summarized in Section 2. In Section 
3, the background on RL especially the LSTD( ) and the 
proposed LSTD base on RELM is given. In Section 4, the 
experimental results are shown to evaluate the performance 
of the proposed method. Section 5 draws conclusions and 
future works. 

2 REGULARIZED EXTREME LEARNING 
MACHINE 

ELM is a simple and efficient learning method proposed by 
Hung et al [16]. Good generalization property, simple 
structure and convenient calculation are the advantages of 
this algorithm. However, the randomness of the ELM 
parameters would result in unstable performance. A simple 
and effective way to overcome this problem is to introduce 
regularization. The essence of RELM is that the input 
weights and hidden biases are initialized randomly and the 
output weights are calculated analytically by using 
Moore–Penrose generalized inverse with ridge regression 
[23]. In this way, RELM provides faster learning speed 
than the methods based on gradient-descent and global 
search. 

For the sake of simplicity, only the case of single output 
regression problem is considered. The output y with M 
hidden nodes is given by 

1
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where x  is inputs vector of samples, and ( , )ωi ib  are the  
weights and biases vectors of the hidden layer respectively, 

if  is the active function, i is the number of hidden node,  
H  is the output matrix of hidden layer, and β  is the 
weight matrix of output layer. Given samples 
( , ), 1,2,...=j jx t j N , Eq.(1) can be rewritten as 
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The only parameter vector β  can be calculated by 
least-squares method: 

β = *H T                                      (5) 
where *H  is the Moore–Penrose generalized inverse of 
H : 

+* T -1 TH = (H H gI) H                         (6) 
where I  is an identity matrix, g is a small positive value. 

3 REINFORCEMENT LEARNING  
The goal of policy evaluation is to estimate the value 
function under a fixed policy according to samples 
observed from MDPs. A MDP is defined as a tuple 
{ }S,A,R,P , where S  is the state space, A is the action 
space, R  is the reword function, P is the transition 
probability function. For each transition 1+→t ts s , an 
immediate reward tr  is given to the agent, according to R . 
The value function πV  under policy  is defined as the 
expected value of the future discounted total rewards [6]: 

  1 0
0

( ) [ ]π γ
∞

+
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== t
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t
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where [ ]⋅  refers to the expectation and [0,1)γ ∈ is the 
discount factor. πV can be estimated through function 
approximation method [7, 15]: 

( , )( )θ θ= F sV s                              (8) 
where θ  is a vector of parameters and ( )⋅F  can be 
nonlinear or linear function. The linear T( , ) ( )θ θ φ=F s s  is 
more popular, because the theoretical analysis and 
application is more convenient, where ( ) :φ → ds is the 
feature basis and d is the dimension of feature basis. 
However, it has been proved that the nonlinear 
parameterized ( )⋅F have more powerful generalization 
ability than that of the linear function. 

3.1 LSTD learning with eligibility traces (LSTD( )) 
LSTD( ) is derived from temporal difference learning with 
eligibility traces (TD( )) [24]. Given a finite sample set 

0 1 1 1 2 2 1{( , , ), ( , , ),..., ( , , )}−=n n n nD s r s s r s s r s generated under 
policy π , LSTD( ) finds a parameter vector of linear 
function approximationθ ∈ d  :  
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where 1+tz is the eligibility traces defined as 
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Obviously, Eq. (9) is linear with respect to θ . The left hand 
side and right hand side of Eq. (12) can be denoted 
as ˆ

nA and n̂b  , respectively as    
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If the matrix ˆ
nA  is non-singular, the solution of LSTD( ) 

is: 
1 ˆˆθ −= n nn bA                               (13) 

In TD ( ), [0,1]λ ∈  is a parameter allowing to unify 
Monte-Carlo and TD(0) method. Actually, LSTD( ) 
algorithm converges to the same solution as TD( ). 
Previous studies have shown that LSTD( ) converges 
faster than TD( ). Furthermore, LSTD ( ) avoids the tuning 
work of step-size and the choice of the initial value θ . 
However, the price of these merits is the increased 
computational complexity of LSTD( ). 

3.2 LSTD ( ) based on Regularized ELM 
In this part, RELM-LSTD( ) is proposed to approximate 
value function.  Similarly as [15], the proposed method 
combines the LSTD( ) with RELM to avoid the tuning 
work of parameters of feature functions instead of LSTD 
with radial basis functions. That is, the operation of 
randomly initializing the parameters of hidden layer 
simplifies the training process of RELM and then the output 
layer weights can be calculated analytically. Furthermore, 
the introduction of regularization improves the robust 
performance of ELM. The training approach of RELM can 
be viewed as the process of mapping the input space into 
feature space through a nonlinear transformation in the 
hidden nodes, and then computing the output layer weights 
by using ridge regression. The training process of RELM 
can be summarized as the following steps: 

1. Randomly initialize weights ω  and biases b ; initialize 
g. 

2. Calculate the output matrix H  of the hidden layer using   
Eq.(3). 

3. Calculate *H  as in Eq.(6) 
4. Calculate the weight vector β of output layer using 

Eq.(5). 
Compared to ELM, the target of RELM is to minimize the 
objective function: 

{ }2 2
2 2 2
( ) min

β
β β β= − +J H T g                (14) 

The extra penalty term 2

2
βg  makes the values of output 

weights smaller to achieve a better generalization ability. 

In RELM-LSTD( ), the feature vector is chosen as  
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where ωk and kb  are the weights and bias of the k th hidden 

node. The matrix Â  and vector b̂  are calculated from 
equations (14) and (15) respectively. Therefore, the output 
weights β  can be computed as 

1 ˆˆ( )β −= + bA gI                                (16) 
Clearly, RELM-LSTD( ) aims at minimizing: 

{ }2 2
3 22

ˆˆ( ) min
β

β β β= − +J A b g                (17) 

The output of RELM is the estimated state-value: 
T( ) ( )π φ β=V s s                                (18) 

Thus, the algorithm steps of RELM-LSTD( ) is shown in 
Table 1.  

Table1. The algorithm steps of RELM-LSTD( ) 
Algorithm 1. LSTD( ) learning based on RELM. 

Given: Policy π , discount factor γ , reward function 
R, sources of data samples 2 1{( , , )}+t ts r s  generated by an 
MRP under the policy π . 

1: Randomly initialize weights ω  and biases b  of the 
hidden nodes. 

2: Define the activation function f and the number of 
hidden nodes M. 

3: Initialize , g; ˆ 0=A ; ˆ 0=b  ; t=0. 
4: repeat 
5: Select a start state 
6:  while ≠t ends s  do 

7:   Compute Â , b̂ , 1+tz  as in (11), (12), (10); 
8:   1= +t t  
9: end while 
10:  until reaching the desired number of episodes 
11:  Compute β  as in (16); 
12:  return πV  as in (18). 
 

RELM-LSTD( ) avoids feature selection. The learning 
prediction problem is solved by VFA in off-line manner 
and the output layer weights are trained through ridge 
regression. Feature selection (also called basis functions 
selection) is an active area in RL recently, and ELM 
provides an alternative method. Previous works focus on 
avoiding overfitting. Relative works include the uses of 
regression trees [25], kernel method [26, 27], least angle 
regression with 1l -regularization [28], etc. Here, the 
proposed algorithm makes feature vectors very convenient 
that RELM-LSTD( ) only needs to initial feature function 
randomly. 

4 EMPIRICAL RESULTS 
In this section, two experiments are given to show the 
effectiveness of the proposed method. First, the 
performance of RELM-LSTD( ) is compared with those of 
LSTD and ELM-LSTD on the learning prediction problem 
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in a finite MRP. Then the effectiveness of these two 
algorithms are shown in a continuous MRP. The first 
experiment is a chain walk problem called Hop-World 
problem [29-31], and the second experiment is a 
continuous-state random-walk problem. Note that tuning 
the feature vector of LSTD is hard when the feature space is 
large, because each basis function has two parameters: 
centre and width. Thus the same tuning method as LSTD is 
adopted according to the previous work [13, 15]. The 
parameters of the feature vector in ELM-LSTD and 
RELM-LSTD( ) are initialized randomly as mentioned 
above.  

In our experiment, the true value functions are calculated 
by: 

1( )γ γ −= + =V R PV I - P R                                  (19) 

where R is the vector with components t 1E{r | }+ =ts s  and 
P is the state-transition probabilities matrix. 

4.1 Hop-World problem  

 
Fig 1. The Hop-World problem. 
 

The Hop-World problem consists of a chain with 13 states 
(numbered from 12 to 0), shown in Fig.1. Each episode 
starts from the initial state 12 and ends in the absorbing 
state 0. In each non-absorbing state, two actions are 
available: taking one step toward the right side (denoted as 
‘0’), or taking two steps toward the right side (denoted as 
‘1’). In state 2-12, either action to be adopted shares the 
same probability of 0.5. The reward function is -2 when the 
transition from state 1 to state 0 occurs, and -3 at remaining 
transitions. 
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Fig 2. MAE error of RELM-LSTD( ) on the Hop-World problem, for 

different values of  and g. Each subpanel shows the MAE error at 
different number of features. The number of features in the subtitle refers 

to dimension of basis function for RBF and hidden nodes number for 
RELM. 

 
This experiment employs the standard LSTD, ELM-LSTD 
and RELM-LSTD( ) to construct VFA. The task is to 
approximate the true value function under a fixed policy: 
choosing the action “0” or “1” with the same probability 0.5. 
Under this policy, 20 episodes as a sample set are generated 
and recorded with the format { }1 1, ,k k ks r s+ + . Then,  

LSTD,  ELM-LSTD and RELM-LSTD( ) construct the 
VFA from the identical sample set as a test run. The 
performances of both methods are measured by the mean 
absolute error (MAE) of 20 episodes averaged over 100 
independent runs. According to (19), the true value 
function for state (0 12)≤ ≤i i  is V( ) 2= −i i . The 
performances of all the algorithms are compared under the 
same feature number, which is noted as N.  
For LSTD, the feature vector consists of some RBF basis. 
The center of RBF is distributed uniformly in the state 
space, and the widths are fixed as [13 15].  

 max

2
σ =

d
M

                                        (20) 

where dmax denotes the maximum among the distance 
between any two center positions, and M denotes the 
number of centers. The regularization parameter g in 
RELM-LSTD( ) is chosen from the set of 
g∈{10-1,10-2,10-3,10-4,10-5,10-6,10-7,10-8}. 
Fig.2 shows the performance of RELM-LSTD( ) under 
different values of g,  and N. The results show that g value 
has strong effect on the performance of RELM-LSTD( ). 
When g=10-4, RELM-LSTD( ) achieves the best 
performance. When g is relatively large, the effect of  
becomes large. The results also show that  value has 
slightly effect on RELM-LSTD( )’s performance. Fig.3 
compares RELM-LSTD( ) (at the best g value and  value) 
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Fig 3. MAE error of RELM-LSTD( ), LSTD and ELM-LSTDon the 

Hop-World problem, for different values of feature number. The number 
of features in the x-axis refers to dimension of basis function for RBF and 
hidden nodes number for RELM.  
 
with ELM-LSTD and the original LSTD. The number of 
features in the x-axis refers to dimension of RBF in LSTD 
and hidden nodes number of ELM or RELM. The results 
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show that LSTD depends on the number of features. The 
MAE of LSTD is decreasing with the growing number of 
features. The MAE curve of ELM-LSTD fluctuates 
significantly over different numbers of feature. This is due 
to the random initialization of parameters. When number of 
features is five, ELM-LSTD achieves equal approximation 
accuracy as RELM-LSTD( ) does. With increasing number 
of features, ELM-LSTD performs worse than the other two 
methods. Besides, RELM-LSTD( ) performs steadily over 
different number of features. This result demonstrates that 
the proposed method can approximate value functions with 
few features, and the introduction of regularization in ELM 
can overcome the fluctuating performance of the original 
ELM. 

 

4.2 Continuous-state random-walk task 

In experiment 2, a more difficult random-walk task with 
continuous state space [32] is studied to compare the 
generalization abilities of LSTD, ELM-LSTD and 
RELM-LSTD( ). In this task, the state space is over the 
continuous interval [0, 1]. Two boundaries states of the 
chain are the absorbing states. Each episode starts from 
state 0.5 with random step [-0.2, 0.2] and ends when going 
beyond either boundary. The reward function is as follows: 
r equals 0 when the transition between two non-absorbing 
states occurs, and equals the value of terminal position 
when the transition from a non-absorbing state to an 
absorbing state occurs. The true value function for state 
( [0,1])∈i i  is V( ) =i i . 50 points uniformly distributed 

in [0, 1] are used to compute the prediction errors. Other 
settings are the same as the first experiment. 
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Fig 4. MAE error of RELM-LSTD( ) on the continuous-state 

random-walk task, for different values of  and g. Each subpanel shows the 
MAE error at different number of features. The number of features in the 
subtitle refers to dimension of basis function for RBF and hidden nodes 
number for RELM. 

 
Fig.4 and Fig.5 show the results of this experiment. In Fig.4, 
the performances under different values of g,  and N are 
shown. In Fig.5, the MAEs for RELM- LSTD ( ) (at the 

best g value and  value) with ELM-LSTD and the original 
LSTD is compared. The results show that different g value 
(in Fig.4) has strongly effect on performance of 
RELM-LSTD( ). RELM-LSTD( ) achieves the best 
performance at about g=10-4. Results also show that 
different  value has slightly effect on RELM-LSTD( )’s 
performance. Clearly, all of the results in the second 
experiment have the identical trends with those in the first 
experiment. 
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Fig 5. MAE error of RELM-LSTD( ), LSTD and ELM-LSTD on the 

continuous-state random-walk task, for different values of feature number. 
The number of features in the x-axis refers to dimension of basis function 
for RBF and hidden nodes number for RELM. 

 

5 CONCLUSIONS AND FUTURE WORKS 
In this paper, LSTD( ) based on RELM was proposed to 
approach learning prediction problem with continue state 
space. The proposed algorithm combined the LSTD( ) 
algorithm with RELM. Although ELM has fast learning 
speed and avoid tuning issues of traditional ANN, the 
randomness of the ELM parameters would result in 
fluctuating performance. The proposed method overcomes 
these problems caused by ELM in RL problem. First of all,  
regularized ELM was introduced to achieve stable 
performance. Then, aiming at further increasing the usage 
of data, RELM-LSTD was extended to RELM-LSTD( ). 
At last, the capability of the RELM-LSTD( ) to solve the 
learning prediction problem were verified through 
examples. In the experiments, the comparisons of the 
proposed algorithm with LSTD and ELM-LSTD show that 
the RELM-LSTD( ) can achieve a more stable and better 
performance in approximating the value function of a fixed 
policy.  
Although RELM-LSTD( ) performed better than the 
standard LSTD and ELM-LSTD, it still has several issues 
to be addressed in the future. Firstly, the matrix inversion is 
needed in this algorithm, which rises a computational 
complexity 3( )O n . A lower computational complexity 
algorithm is needed. Secondly, it’s also interesting to study 
other regularized methods like 1l  regularization in ELM. 
Thirdly, RELM-LSTD( ) has two more tuning parameters 
than ELM-LSTD, which will result in more difficult tuning 
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work. Automatic regularization method will be a 
reasonable solution to this problem.  
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