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Abstract: The problem of how to stabilize infrequently switching plant is investigated with unfalsified adaptive control

approach. A fading memory data cost function is constructed to weaken the effects of timeworn data and its cost-

detectablity is proved. A novel controller switching algorithm based on the ideas of self-falsification, stability overlay

and resetting is designed. After each plant switching, the algorithm can detect the instability and switch to a stabilizing

controller in finite switches and keeps the controller online until next plant switching. For the plant switching infre-

quently enough, theoretical analysis and simulations illustrate the algorithm can guarantee the cost function of the active

controller uniformly bounded.
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1 INTRODUCTION

Logic-based controller switching is used in adaptive con-
trol to overcome the limitations of continuous tuning [1].
Recently, Unfalsified Adaptive Control(UAC), a real-time
data-driven switching control approach has gained special
interests in theory and applicaitons. In UAC, we begin with
a set of candidate controllers and an unknown plant. Typ-
ically, the candidate controllers have been selected so that
each stabilizes at least one of several possible models of the
plant. The problem of UAC control is to design a high-level
unit called supervisor that switches among the candidate
controllers to stabilize the unknown plant.This approach
is called data-driven because all of supervisor’s decisions
are based on data measured on-line. When done correctly,
UAC guarantees robust stability, irrespective of any param-
eter uncertainty and the model mismatch, provided only
that the problem is feasible in the sense that at least one
of the candidate controllers stabilizes the unknown plant.
This is possible because closed-loop stability of the UAC
adaptive system depends only on the existence of a feasi-
ble stabilizing controller in the candidate controller set, and
not on the models and their parameters that may have been
used for designing the candidate controllers.

There have been numerous papers investigating the fea-
tures, applications and limitations of UAC [2–17]. In most
of these, it is assumed that one candidate controller can sta-
bilize the plant for all time. This is somewhat problematic
because a basic motivation of adaptive control is the plant
may be slowly or infrequently time-varying to such an ex-
tent such that no single candidate controller can stabilize
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it for all time. In such cases, even long after the UAC su-
pervisor has converged to a feasible stabilizing controller,
it will be again necessary to switch controllers when the
plant changes are sufficiently large that the current stabi-
lizing controller no longer stabilizing. To deal with such
large but slow plant changes, the fading memory approach
is introduced in UAC [18–20] and corresponding controller
switching algorithms are studied [20–22].

In this paper, the problem of how to design the UAC super-
visor to control an infrequently switching plant that cannot
be stabilizing by any single one of the candidate controller-
s is investigated using a fading memory cost function. Its
cost-detectability is proved, which is necessary in order for
the UAC adaptive supervisor to be able to correctly identi-
fy and remove any destabilizing candidate controllers. To
work with the non-monotone fading memory cost function,
a novel controller switching algorithm is designed. It based
on the idea of self-falsification and is a special case of In-
creasing Cost Level Algorithm(ICLA) in [13]. We will also
adopt some of the ideas of the SO algorithm [23] and the
resetting [20, 21]. The basic idea of the new algorithm is,
if the current active controller has been unfalsified by the
current cost level for a enough long time, the supervisor
thinks it stabilizing the current plant and let it be on-line
until it is falsified. Then, after it is indeed falsified, the
supervisor thinks the plant has switched and gives every
other candidate controller one opportunity to stabilize the
plant at the current falsification cost level. If they all fail,
the supervisor tries the controllers one by one again and in-
crease the cost level to falsify after each controller switch-
ing. After finite switchings, the supervisor converges and
the system remains stable while the cost level to falsify the
current active controller increases to a greater value. After
monitoring the active controller for sometime, the supervi-
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sor thinks the controller stabilizing the plant, re-initialize
the set of current active candidate controllers and waits for
next time the current active controller is falsified because
of plant changes. For the plant switching infrequently e-
nough, the algorithm guarantees the cost function for the
active controller is uniformly bounded for all time.
This paper is organized as follows. Section II formulates
the problem. In Section III, the fading memory cost func-
tion is presented and the cost-detectability is proved. Sec-
tion IV designs the controller switching algorithm and dis-
cusses on it. In Section V, simulations are carried to illus-
trate the performance of the algorithm.

2 PROBLEM FORMULATION

2.1 Notations
In this paper, R and R+ denote the set of real numbers and
the set of non-negative real numbers respectively. We on-
ly consider the signals defined on R+ and whose Laplace
transform are proper rational fraction. For a signal y(·), its
truncation is defined as

yτ(t) =

{
y(t), 0 ≤ t ≤ τ
0, otherwise

while its L2-norm and L∞-norm are denoted as ‖y‖ and
‖y‖∞ respectively. For a given λ > 0 and t > 0, we define
the λ-exponential weighted norm of the truncated signal as

‖yt‖λ =
√∫ t

0

(y(τ))2 e−2λ(t−τ)dτ.

2.2 The switching adaptive control problem

�

Figure 1: The switching adaptive control system.

In this paper, we consider the switching adaptive control
system Σ shown in Fig. 1. In Fig. 1, there is a continuous
time SISO plant P we know nothing about its parameter-
s. A finite candidate controller set K = {K1,K2, · · · ,KN}
whose elements are all LTI are used to control plant P.
At each instant, one and only one of these candidate con-
trollers is active. In time t, the active controller is de-
noted as K̂(t) , while the system in Fig.1 is denoted as
Σ(K̂,P). K̂(t) generates control signal u(t) based on the

reference signal r(t) and output signal y(t). A high-level
unit called supervisor monitors the performance of K̂(t)
and switches it if necessary. In the supervisor, there is a
real-valued cost function V(K, dt, t) evaluates the perfor-
mance of all candidate controllers based on the collected
data d(t) =

[
u(t) y(t)

]′
. A controller switching algo-

rithm decides whether to switch the active controller and
which is the next active controller after switching. If the
cost function and the controller switching algorithm do not
use the parameters value of the plant P, the supervisor is
said data-driven. The problem on hand is to design a data-
driven supervisor to guarantee the system stable and the
concept stability will defined in next subsection.

2.3 stability and unfalsification
Definition 1(Stability) Consider a SISO system with input
signal u and output signal y. System H is said to be stable
if there exist constants α, β such that, for each input u and
each τ ≥ 0, we have

‖yτ‖∞ ≤ β‖uτ‖∞ + α.
Otherwise, H is said to be unstable.�
Definition 2(Unfalsification) Consider the system H in
Definition 1. Suppose in an experiment we input the da-
ta u1 and collect the output data y1. We say the stability of
H is unfalsified if there exist constants α, β such that, for
each each τ ≥ 0, we have

‖(y1)τ‖∞ ≤ β‖(u1)τ‖∞ + α.
Otherwise, we say the stability of H is falsified.�
Remark 1 Definition 1 defines stability totally based on
input-output data. Its benefit is that the mathematical mod-
el of H is not used. Its disadvantage is, for a given instant
t, we can not say if H is stable at t. On the other hand, it
is well known that if system H in Definition 1 is lumped,
causal, continuous time and LTI, then it has a rational prop-
er fraction transfer function H(s) and H is stable if and only
if all poles of H(s) have negative real parts. So, we can say
if H is stable at time t based on its poles locations. �
2.4 Assumptions
Here we give the assumptions in this paper.
A1 The reference signal r is bounded.
A2 The plant P in Fig. 1 may switch infrequently in a
finite LTI set P = {P1, P2, . . . , PM} whose elements are all
finite dimensional LTI plants. For each P ∈ P, it contain no
hidden unstable modes.
A3 For each Pi ∈ P, there exists at least a candidate con-
troller Kj ∈ K such that Σ(Pi,Kj) is stable.
A4 All controllers K ∈ K are stably invertible; i.e., K−1

exists and is stable.
Remark 2 With the term of UAC, the assumption A3 is
called feasibility. Similar to many papers on UAC, this pa-
per does not discuss how to design a candidate controller
set K to satisfy A3. It is a open problem and some results
can be found in [24].�
Remark 3 A4 can be relaxed by defining the fictitious ref-
erence signal based on the stable left Matrix Fraction De-
scription of each candidate controller [7, 9]. In this paper,
we use it for brief.�
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3 THE FADING MEMORY DATA
COST FUNCTION AND ITS COST-
DETECTABILTY

In this section, we designs the fictitious reference and fad-
ing memory cost function. Then the cost-detectability is
proved.

3.1 fictitious reference signal
For a candidate controller, its fictitious reference is a hypo-
thetical signal that would have reproduce exactly the mea-
sured data had the controller Ki been in the loop for the time
period over which the data was collected. Same as [10],
here the fictitious reference signal is defined for the case
that all controllers in K assumed to be stably invertible.
Definition 3(Fictitious referencs) For a candidate con-
troller Ki, its fictitious reference is generated by

r̃i = y + K−1
i u.♦

The meaning of fictitious reference can be shown with
Fig.2. Suppose in Fig.2 the plant P is a duplicate with the
plantP in Fig.1 and their initial value are same. Then, driv-
en by the fictitious reference signal r̃k, the system Σ(Kk,P)
will generate the same u and y with the system Σ(K̂,P).

Figure 2: The meaning of fictitious reference signal.

3.2 the fading memory cost function and its cost-
detectability

With fictitious reference, we construct the following fading
memory cost function.

V(Ki, dt, t) =
‖(r̃i − y)t‖2λ + ‖ut‖2λ
‖(r̃i)t‖2λ +C

, (1)

where C is a positive constant and λ is a positive small
constant.
In UAC theory, cost-detectability is key concept which con-
nects the unfalsification of stability to the boundedness of
cost function.
Definition 4(Cost-detectability) Suppose in the switching
adaptive control system Σ shown in Fig.1 we have K̂(t) ∈
K, ∀t. The cost function and controller set pair (V,K) is
cost-detectable if for every K̂(t) with at most finitely many
switches, the following two statements are equivalent.
1) V(Kf , dt, t) is bounded as t → ∞, where Kf is the final
controller;
2) The stability of the system Σ(K̂,P) is unfalsified by the
data pair (r, dt).
The following is the the cost-detectablity theorem of this
paper.
Theorem 1 Suppose assumption A1 holds, the plant P is
LTI and the cost function is defined by (1). Then, the pair
(V,K) is cost-detectable.

Proof. Suppose for each t ≥ 0, |r(t)| ≤ R1, where R1 is a
positive real number. Let r̃ f be the fictitious reference of
the final controller K f . With the Lemma 1 in [10], there
exists a > 0 such that ‖r − r̃ f ‖ ≤ a < ∞. That is, r̃ f is also
bounded. Suppose for each t ≥ 0, |r̃(t)| ≤ R2.
If 2) holds, then there exist α1, α2, β1, β2 > 0 such that for
each t > 0 we have

‖yt‖∞ ≤ β1‖rt‖∞ + α1 ≤ β1R1 + α1,

‖ut‖∞ ≤ β2‖rt‖∞ + α2 ≤ β2R1 + α2.

So, the cost function

V(K f , dt, t) =
‖(r̃ f − y)t‖2λ + ‖ut‖2λ
‖r̃ f ‖2λ +C

≤ [(R2 + β1R1 + α1)2 + (β2R1 + α2)2]
∫ t

0
e−2λ(t−τ)dτ

C

≤ (R2 + β1R1 + α1)2 + (β2R1 + α2)2

2λC
,

2)⇒ 1) is proved.
To prove 1) ⇒ 2), we suppose u or y is unbounded. Be-
cause of the boundedness of r̃ f , there must be RHP pole or
multiple imaginary axis pole in the Laplace Transform of u
or y. Then, it is easy to verify V(Kf , dt, t) is also unbound-
ed. Its converse negative proposition is, if V(Kf , dt, t) is
bounded, both y and u are bounded. Suppose the bounds
are α1 and α2 respectively. That is, for each t > 0, we have
|y(t)| ≤ α1 and |u(t)| ≤ α2, which imply for each t > 0 that
‖yt‖∞ ≤ α1 and ‖ut‖∞ ≤ α2, and 1)⇒ 2) is proved. �

4 THE CONTROLLER SWITCHING ALGO-
RITHM

In this section, we present the controller switching algorith-
m, which is called Linear Increasing Cost Level Algorithm
with Resetting(LICLA-R).

4.1 controller switching algorithm
Algorithm I LICIA-R
Constants
η0 > 0: the initial value of the cost level to falsify the cur-
rent active controller;
Δη > 0: the increment of the cost level to falsify the current
active controller;
dt > 0: time increment;
∅: empty set
T > 0: the time left to re-initialize the candidate controller
set.
variables
t: time;
tr: time left to reset;
Q: the current candidate controller set,
K̂(t): active controller at time t.
γ: the current value of cost level to falsify the current active
controller.
KEEP: Boolean variable to decide if γ increases after the
next controller switching. If KEEP = 1, do not increase,
otherwise increase.
Algorithm
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1. Initialization: γ ← η0, t ← 0, K̂(t) ← K1, tr = T,Q ←
{K1,K2, · · · ,KN},KEEP← 1;

2. t ← t + dt, collect data r, u, y, update ṽi and calculate
V(Ki, dt, t) for all i;

3. IF
V(K̂(t − dt), dt, t) > γ (2)

THEN

Q← Q \ K̂(t − dt);
IF
Q = ∅

THEN
Q← {K1,K2, · · · ,KN};
KEEP← 0;

ENDIF ;

K̂(t)← arg min
Ki∈Q

V(Ki(t), dt, t);

tr ← T ;
IF

KEEP = 0
THEN
γ ← γ + Δη;

ENDIF ;

ELSE
K̂(t)← K̂(t − dt);
tr ← tr − dt;
IF

tr ≤ 0
THEN
Q← {K1,K2, · · · ,KN};
KEEP← 1;

ENDIF ;

ENDIF

4. Go to 2. ♦
Observation Suppose Assumption A1-A4 satisfied. λ > 0
satisfying, for each Ki ∈ K, Pj ∈ P, if Σ(Ki, Pj) is sta-
ble, then all poles of Σ(Ki, Pj) have real part less than −λ.
The parameter dt is small enough and T > 0 is well cho-
sen. Then, with cost function and Algorithm I, the system
Σ(K̂,P) is stable and the active controller has a uniform
bound for all time.

4.2 Discussion
Algorithm I is a special case of ICLA in [13] and its basic
idea is self-falsification, which means to compare the cur-
rent active controller’s cost function with a given positive
value.
Definition 5 (Self-falsification at a cost level) [10,13] Giv-
en the pair (V,K) and a scalar γ ∈ R+, a controller Ki ∈ K
is said to be falsified at time t at cost level γ by dt if

V(Ki, dt, t) > γ.

Otherwise, we say that controller Ki is unfalsified with re-
spect to cost level γ by dτ.♦
In Algorithm I, the supervisor collects data and verifies if
(2) satisfied at each instant. If it is satisfied, then the current

controller is self-falsified by γ and is switched, otherwise it
will be active for next period. If the controller is switched,
the supervisor moves it out of the current candidate con-
troller set Q and select a new active controller in Q with

K̂(t)← arg min
Ki∈Q

V(Ki(t), dt, t). (3)

Then supervisor checks variable KEEP. If KEEP = 1 , the
supervisor keeps the value of γ , otherwise the supervisor
increase the value of γ. If a controller has been active for
T , it is looked upon stabilizing the current plant and the
supervisor let the active controller be and re-initialize the
candidate controller set.
The mechanism of Algorithm I to stabilize the plant can
be merely sketched as follows, while the rigorous conver-
gence theorem is not yet available. The supervisor look-
s the problem as a series of UAC problem to stabilizing
LTI plant. Every problem begins with a plant switching.
Because the supervisor does not know if the plant switch-
es, it judges based on controller falsification, the candidate
controller set Q and the boolean variable KEEP. If the
active controller is falsified while all candidate controllers
are in Q and KEEP = 1, the supervisor thinks the plant
has just switched and destabilized the closed-loop. It gives
every controller a chance to be unfalsified at the current
cost level. If one of them is unfalsified, the switching of
controller will stop without increment of cost level. With
this approach, Algorithm I guarantees the cost level γ u-
niformly bounded while the plant switches endlessly. The
reason is, once γ is great enough, it is impossible that all
the other N − 1 candidate controllers are falsified because
the controller which stabilizing the current plant can not
be falsified. On the other hand, if all the other N − 1 can-
didates are falsified, the supervisor knows the current γ is
not enough and let KEEP = 0 so that LICLA-R becomes
LICLA, which increases γ after every controller switch-
ing. After finite controller switchings, the supervisor will
find an unfalsified controller, keep it on-line and stabilizing
the closed-loop, which is guaranteed by the convergence
theorem of LICLA [13] and cost-detectability. Then, after
monitoring the active controller for time T , the supervisor
thinks it will not be falsified until next plant switching. It
re-initialize Q and let KEEP = 1, which means this LTI
plant UAC problem has been solved and the supervisor be-
gins to wait for the next plant switching. It can be expected
that after finite plant switching, the cost level γ will in-
crease to and stops at such a value that after each plant
switching, at most N − 1 controller switching will happen.
So, the cost function of the active controller is uniformly
bounded for all t > 0 and the system is stable.
The key points of Algorithm I are the following three. First,
self-falsification is used. The self-falsification condition
(2) is irrelative to other candidate controller’s cost function
value. So, if a stabilizing controller is switched on-line,
it will not be switched off-line because another controller
has a smaller cost function value. Self-falsification brings
Algorithm I the benefit of less inserting the destabilizing
controllers in the loop because simulations shows a off-line
destabilizing may have smaller cost function value than the
stabilizing on-line controller.
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Second, the boolean variable KEEP, which helps the su-
pervisor to judge if increases the cost level γ.

Third, to predict if the active controller stabilizing the plant
until next plant switching based on how long it is unfalsi-
fied. If it is unfalsified for time T , the supervisor thinks
it stabilizing the current plant. The rationale is, in adap-
tive control there are several time scales. The time scale of
plant switching usually much greater than the time scale of
adaptation process, while the time scale of adaptation pro-
cess usually much greater than the time scale ”associated
with the signals in the system in the absence of and adap-
tation process” [2]. So, with the knowledge and experience
we can choose a T , which is:

1) Long enough to guarantee if a destabilizing controller is
switched on-line, it will be falsified definitely in T ;

2) Short enough to guarantee the current candidate con-
troller set re-initialization takes place much earlier than
next plant switching.

Remark 4 In Algorithm I, the idea of giving falsification
tests to every candidate controller with a same γ motivated
by SO algorithm [23] and to re-initialize the current candi-
date controller adopts from resetting [20, 21].♦
Remark 5 In Algorithm I, the time T is selected based on
knowledge and experience so it is not data-driven. How to
find T from data will be studied next stage.♦
5 Simulations

In this section, numerical simulations are used to demon-
strate the performance of Algorithm I.

Example 1 Consider the switching adaptive control system
Σ shown in Fig. 1. Suppose that the plant P switches in

P = {P1(s) =
1

s − 1
, P2(s) =

−1

s − 1
}

and the candidate controller set is

K = {K1(s) = 2,K2(s) = −1.5}
Clearly, K1 stabilizes P1 while K2 stabilizes P2, but none of
them can stabilize both P1 and P2. Suppose at P(0) = P1

and it switches every 200 s. The reference r is the unit step.

We use cost function (1) to detect the stability changing
of system Σ(K̂,P). Let λ = 0.1 and C = 10. Algorithm
I is used with parameter dt = 0.05, η0 = 5,Δη = 2,T =
20. Simulations are carried out with MATLAB 6.5 and the
results are shown in Fig.3, Fig.4 and Fig.5.

Fig.3 illustrates the precess the switching plant is stabi-
lized. For t ∈ [0, 200) the plant stays in P1 and is stabi-
lized by K1 and the cost level γ = 5. At t = 200, the plant
switches to P2, then soon K1 is falsified at cost level γ = 5.
After K1 is switched off-line, K2 is switched on-line, but it
is also falsified at cost level γ = 5 later. Then the super-
visor increase the γ to 7, and K1 is falsified again. After
that, the supervisor gives falsification test to K2 with γ = 9.
K2 is unfalsified and on-line until the plant switches again.
Then K1 is switched on-line and faced the falsification test
with γ = 9. It is also unfalsified. Then, after each switch-
ing of plant P, there is only one controller switching will
take place because the current destabilizing controller will

be falsified with γ = 9 and the other controller will be un-
falsified. The reason is, γ = 9 is a cost level both Σ(K1, P1)
and Σ(K2, P2) can not reach.
To show the details of controller switching, the index of
active controller nearby the plant switching are illustrated
in Fig.4.
Fig.5 gives the the cost function values of the two con-
troller. It is noticeable that, in most time, the destabilizing
controller has the less cost function values. So, if use hys-
teresis algorithm with resetting, the destabilizing controller
may be insert to the loop again and again.

Figure 3: Stabilizing infrequent plant with Algorithm
I.From top to bottom: output y, control u and the index
of the active controller.

Figure 4: The controller switching after each plant switch-
ing.

6 CONCLUSIONS

In this paper, we study Unfalsified Adaptive Control for in-
frequently switching plants. A fading memory data cost
function is constructed and a novel controller switching al-
gorithm is designed to work with the cost function. Theo-
retical analysis and simulations show the algorithm can be
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Figure 5: The cost function of the two controllers.

used to stabilize endlessly switching plants by guaranteeing
the cost function of active controllers uniformly bounded.
The algorithm is also helpful to prevent inserting destabi-
lizing controller in the closed loop. To establish the con-
vergence theorem of Algorithm I and extend the results to
MIMO systems are the works of next stage research.
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