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Abstract: A more general stabilization problem of k-valued logical control networks (LCNs) is presented and a reverse-

transfer (RT) method is proposed to investigate this problem. Firstly, the RT method is introduced and the concept of

stabilizability of k-valued LCNs is generalized. Secondly, using the RT method, some equivalent criteria are proved

for the largest stability domain of a fixed point of a k-valued LCN under a constant control. Then some necessary

and sufficient local/global stabilizability conditions are derived directly. Based on the local stabilizability condition, a

constructive method of designing state feedback stabilizers for k-valued LCNs is provided. Thirdly, according to the

results obtained above, some algorithms are developed. Finally, an example is given to show the significance of our

proposed problem and the effectiveness of our results.

Key Words: State Feedback stabilization, k-valued logical control network (LCN), Reverse-transfer (RT), Semi-tensor

product of matrices (STP).

1 INTRODUCTION

Boolean network (BN), which is of two possible states 1
and 0, has received more and more attention of researchers
from many fields, such as biology, physics, system science
and so on. Some research indicates that many realistic bi-
ological questions may be answered within the seemingly
simplistic Boolean formalism [1].

However, when node expression is not limited to 1 or 0, it
is not reasonable to take advantage of a BN since binary
values may lose the precision. In this case, a k-valued log-
ical network (LN), which is an extension of the traditional
BN, should be adopted to establish the mathematics model
more precisely. Compared with BN, the k-valued LN has
the similar topological structure, while it allows its nodes to
take values from a finite set Dk = { i

k−1 |i = 0,1, · · · ,k−1}.

k-valued LNs can be found in some other complex system-
s, for example chemical reactions [2], cognitive sciences
[3], etc. Besides, the k-valued LN is an effective tool for
solving some problems in game theory [4], such as the in-
finitely repeated prisoners’ dilemma. Particularly, recently,
much attention is put on the networked evolutionary game
that is usually in the form of multi-valued logical network
[5, 6].
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Research Fund of Henan Provincial Education Department (14A110004),
and in part by the State Key Laboratory of Integrated Automation for
Process Industries Fundamental Research Funds (Nos. 2013ZCX01,
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Naturally, various control problems of k-valued logical
control networks (LCNs) need to be considered, which may
help us to gain insights into the intrinsic control in com-
plex systems and enable us to develop strategies to manip-
ulate complex systems by using exogenous inputs. How-
ever, as we know, it is difficult to deal with the k-valued
LN, including BN as its special case, due to the shortage
of efficient tools until the introduction of the semi-tensor
product (STP) developed in the last decade [7, 8, 9]. Us-
ing this mathematical tool, much significant and substan-
tial progress has been made, see [10]-[18], etc. Among
them, [10] investigated the global stability and stabiliza-
tion of BNs and gave some necessary and sufficient con-
ditions. Then the study was extended to switched Boolean
networks [11, 12]. However, no design approach to any s-
tate feedback stabilizer was available in these papers. Thus,
[13] studied the design problem of state feedback stabiliz-
er and provided an effective design method of global state
feedback stabilizer for BCNs. Later, based on the result-
s in [13], Li et al presented a method of designing global
output feedback stabilizers for BCNs [14]. It should be
pointed out that most of the existing results mainly focus
on the case of global stabilization. However, global stabi-
lization is not always required. In some cases, it is enough
to stabilize the scope we are interested in. For example,
in the context of gene therapy applications, the researchers
are only interested in whether a gene regulatory network
can be driven to a desirable location (corresponding to a
healthy state) from a given undesirable one (corresponding
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to a diseased state). So the local stabilization of logic sys-
tems deserves more attention. In this respect, some work
has been done in [15], but the relevant results are s bit spe-
cial and no method for designing state feedback stabilizer
has been provided either. To the best of our knowledge,
there has not been any general design method of local state
feedback stabilizers for k-valued LCNs in the literature yet.
Motivated by the above analysis, we generalize the sta-
bilizability concept of k-valued LCNs and propose a new
method of investigating the stabilization problem. By us-
ing this method, some interesting results are derived. The
main contributions are summarized as follows.

1. Some equivalent criteria are proposed to calculate the
largest stability domain of a fixed point for a k-valued
LCN and a corresponding algorithm is provided.

2. Some necessary and sufficient local/global stabiliz-
ability conditions are derived and an algorithm is de-
veloped to check whether a set of given initial states Ω
can be stabilized to a particular state. Although The-
orem 3.5 in [15] has also given a local stabilizability
condition for k-valued LCNs, it is only sufficient, and
only applicable to the case when Ω includes one state.

3. A constructive method of designing feasible state
feedback stabilizers for k-valued LCNs is proved and
a corresponding algorithm is presented.

The rest of this paper is organized as follows. Section 2 in-
troduces some necessary preliminaries and gives the prob-
lem formulation. The main results are presented in Section
3. An illustrative example is provided in Section 4, which
is followed by a conclusion in Section 5.

2 PRELIMINARIES AND PROBLEM FOR-
MULATION

We introduce some notations first.

• 1n (respectively, 0n) denotes the n-dimensional row
vector whose entries are equal to 1 (respectively, 0).
That is, 1n := [1 1 · · · 1︸ ︷︷ ︸

n

].

• Δn := {δ i
n | i = 1,2, · · · ,n}, where δ i

n is the ith column
of the n×n identity matrix.

• δn[i1, i2, · · · , is] := [δ i1
n δ i2

n · · · δ is
n ], called a logical ma-

trix.

• Lm×n is the set of all m× n logical matrices. In par-
ticular, L1×n := B1×n, called a Boolean vector.

• Rowi(L) and Coli(L) denote the ith row and the ith
column of a matrix L, respectively.

• X ≤ Y := xi ≤ yi for all 1 ≤ i ≤ n, where X =
(x1,x2, · · · ,xn), Y = (y1,y2, · · · ,yn).

• σ [V ] denotes the number of all elements of a set V or
the total number of positive entries of a vector V .

• [V ]i is the ith entry of a vector V .

Our research object is the k-valued LCN (1) with a state
feedback control (2), whose dynamics is described as fol-
lows:

xi(t +1) = fi(x1(t), · · · ,xn(t),u1(t), · · · ,um(t)),

i = 1,2, · · · ,n;
(1)

u j(t) = h j(x1(t), · · · ,xn(t)),

j = 1,2, · · · ,m,
(2)

where xi, u j ∈ Dk = { i
k−1 |i = 0,1, · · · ,k− 1}; xi are state

variables; u j are controls; fi and h j are logical functions.
The main mathematical tool used in this paper is the semi-
tensor product of matrices (STP), which is a generation of
conventional matrix product. Now we identify k−i

k−1 with

δ i
k. Thus the space Dk is equivalent to Δk. Denoting x(t) =
�n

i=1xi(t) ∈ Δkn , u(t) = �m
i=1ui(t) ∈ Δkm and referring to

[16], there exists a unique matrix L̄ ∈ Lkn×kn+m , such that
the algebraic form of (1) is

x(t +1) = L̄u(t)x(t). (3)

Similarly, there exists a unique matrix H ∈ Lkm×kn , such
that the algebraic form of (2) is

u(t) = Hx(t). (4)

In this paper, we only investigate models (3) and (4) to
highlight our methods.
Denote the set {x0 | xd = L̄δ r

km x0} by �1
r (xd), where xd and

δ r
km are the given state and constant control, respectively.

In the following, we give two new concepts that play a key
role in our discussion.

Definition 1

1. The combination (�1
r (xd),xd ,δ r

km), denoted by R1
r (xd),

is called the first RT of xd under a RT control v = δ r
km .

2. Let �q
r1,··· ,rq(xd) = {xi1 , · · · ,xis}, where q ≥ 1 is an in-

teger. Given a RT control v = δ rq+1

km , the combination

(�q+1
r1,··· ,rq,rq+1(xd),xd ,{δ rt+1

km |0 ≤ t ≤ q}), denoted by

R
q+1
r1,··· ,rq,rq+1(xd), is called the (q+ 1)th RT of xd un-

der the RT control path v(t) = δ rt+1
km , 0 ≤ t ≤ q, where

�q+1
r1,··· ,rq,rq+1(xd) =

s⋃
j=1

�1
rq+1

(xi j).

Definition 2 R
q
r1,··· ,rq(xd) is called a fine qth RT of xd if

there is no any qth RT R
q
r̄1,··· ,r̄q

(xd) satisfying �q
r1,··· ,rq(xd)�

�q
r̄1,··· ,r̄q

(xd).

We denote

Gq(xd) = {�q
r1,··· ,rq

(xd)|Rq
r1,··· ,rq

(xd) is a fine qth RT}.
The following lemma is straightforward and thus omitted.

Lemma 1 For the system (3), all initial states x(0) ∈
�q

r1,··· ,rq(xd) can be driven to xd by the input sequence

u(0) = δ rq

km , u(1) = δ rq−1

km , · · · ,u(q − 1) = δ r1
km . That is,

xd = L̄δ r1
km · · · L̄δ rq−1

km L̄δ rq

km x(0).
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Finally, we give the definition of stabilizability that is a nat-
ural generalization of Definition 1 of [13] and Definition
3.2 of [15].

Definition 3 The system (3) is said to be locally (globally)
stabilizable to a state xd ∈ Δkn with a stability domain Ω
(when Ω=Δkn ), if for every initial state x0 ∈Ω, there exists
an input sequence u(t), t = 0,1, · · · and a positive integer N
such that t ≥ N implies x(t,x0,u(t)) = xd .

Remark 1 If the system (3) is stabilizable to xd, the state
xd must be a fixed point of (3) under a constant input.

Remark 2 When Ω includes only one state, our Definition
4 is actually the definition of local stabilizability in [15].
Therefore, the stabilization problem we discuss in this pa-
per is more general.

The goal of this paper is to provide a criterion for checking
whether a k-valued LCN (3) starting from a given set Ω
can be stabilized to a particular state and develop a design
approach to a feasible state feedback stabilizer (4) when
local stabilizability is guaranteed.

3 MAIN RESULTS

3.1 Stabilizability Criteria and Stabilization Design
For convenience, the states in Δkn are denoted as P1 =

δ 1
kn , P2 = δ 2

kn ,· · · , Pkn = δ kn

kn and we denote Γ(s,i)
h =

⋃
�s

r1,··· ,rh ,··· ,rs (Pi)∈Gs(Pi)
�h

r1,··· ,rh
(Pi),1 ≤ h ≤ s and Γ(s,i)

s =

⋃(s,i). The following proposition always holds because the
number of different states in the state space is finite.

Proposition 1 Assume that Pi is a fixed point of (3) under
a constant control u = δ r∗

km . Then the following statements
hold.
(a) For any �s

r1,··· ,rs
(Pi) ∈ Gs(Pi), there exists a

�s+1
r̄1,··· ,r̄s+1

(Pi) ∈ Gs+1(Pi), such that �s
r1,··· ,rs

(Pi) ⊆
�s+1

r̄1,··· ,r̄s+1
(Pi).

(b)
⋃ (s,i) ⊆⋃ (s+1,i) holds for any positive integer s.

(c) There is a positive integer s ≤ kn such that⋃(s,i) =
⋃(s+1,i).

(d) If
⋃(s,i) =

⋃(s+1,i) holds, then
⋃(s,i) =

⋃(s+r,i) also
holds for any r ≥ 2.

Remark 3 Assume that Pi is a fixed point of (3). From
items (b), (c) and (d) in Proposition 1, there must exist a
positive integer s ≤ kn such that

⋃
(1,i) ⊂

⋃
(2,i) ⊂ ·· · ⊂

⋃
(s,i) =

⋃
(s+1,i) = · · · . (5)

In the following, we present the first main theorem that is
very helpful for solving the largest stability domain of sys-
tem (3) associated with a given fixed point.

Theorem 1 For a fixed point Pi of (3) under a constan-
t control, the following statements are equivalent.
(a)

⋃(s,i) =
⋃(s+1,i).

(b) σ [
⋃(s,i)] = σ [

⋃(s+1,i)].

(c)
⋃(s,i) is the largest scope of Pi. That is, for any point

Pj ∈ Δkn , if Pj ∈⋃(s,i), there exists such a control sequence
that leads Pj to Pi and makes it stay at Pi forever, otherwise
Pj can not be stabilized to Pi.

Proof. From (5), the proof of (a) ↔ (b) is trivial.
Now we prove (a) ↔ (c). As we know, if a point Pj is
stabilizable to the fixed point Pi, then there exists an in-
put sequence, say u(t) = δ rq−t

km , 0 ≤ t ≤ q such that Pi =

L̄δ r1
km · · · L̄δ rq−1

km L̄δ rq

km Pj, which implies Pj ∈ �q
r1,··· ,rq(Pi) and

then Pj ∈ ⋃(q,i). Therefore, for any Pj in the stability do-

main of Pi, there is a
⋃(q,i) such that Pj ∈⋃(q,i). Combining

this fact with (5) implies that (a) → (c) holds. As for (c) →
(a), it can be derived from Lemma 1 and item (b) in Propo-
sition 1. Summarizing the above argument, we have (a) ↔
(c).
According to the transitivity property of equivalence rela-
tionship, we have (b) ↔ (c). �

Remark 4 Note that item (c) in Proposition 1 ensures the
existence of the largest stability domain of a fixed point.
Furthermore, Theorem 1 provides some methods for solv-
ing such a stability domain, which will be further discussed
in Subsection 3.2.

By using Proposition 1 and Theorem 1, we give a stabiliz-
ability condition for the system (3).

Theorem 2 Let Pi be a fixed point of (3) under a constant
control and Ω be a nonempty set. The system (3) is locally
stabilizable to Pi with the stability domain Ω if and only
if there is a positive integer s ≤ kn such that Ω ⊆ ⋃(s,i).
In particular, the system (3) is globally stabilizable to Pi

if and only if there is a positive integer s ≤ kn such that⋃(s,i) = Δkn or σ [
⋃(s,i)] = kn.

Now we provides a constructive design approach to state
feedback stabilizer for the system (3).

Theorem 3 Assume that Pi is a fixed point of (3) under a
constant control and Ω⊆⋃(s,i) holds for an integer s. Then
all trajectories of the system (3), starting from Ω, can be
stabilized to Pi by any state feedback controller (4) with
H designed as follows. For any Col j(H), if Pj ∈ ⋃(s,i),
then find a fine sth RT, say Rs

r1,··· ,rh,··· ,rs
(Pi), satisfying Pj ∈

(�h
r1,r2,··· ,rh

(Pi) \
h−1⋃
q=1

Γ(s,i)
q ) for a certain integer h, where

0⋃
q=1

Γ(s,i)
q = /0, and then choose Col j(H) as δ rh

km ; otherwise,

Col j(H) can be chosen arbitrarily.

Proof. Without loss of generality, assume that
⋃(s,i) satis-

fies
⋃(h,i) ⊂ ⋃(s,i) for any positive integer h < s. We write⋃(s,i) as the union of s disjoint sets

⋃
(s,i) =Γ(s,i)

1 ∪ (Γ(s,i)
2 \Γ(s,i)

1 )∪·· ·∪ (Γ(s,i)
h \

h−1⋃

q=1

Γ(s,i)
q )

∪·· ·∪ (Γ(s,i)
s \

s−1⋃

q=1

Γ(s,i)
q ).

(6)
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Clearly, for any initial state x(0) ∈ Ω, say Pj, we have Pj ∈⋃(s,i). Then there exists a unique positive integer 1 ≤ h ≤ s,

such that Pj ∈ Γ(s,i)
h \

h−1⋃
q=1

Γ(s,i)
q , where

0⋃
q=1

Γ(s,i)
q = /0. From

the definition of Γ(s,i)
h , there must be at least a fine sth

RT, say Rs
r1,··· ,rh,··· ,rs

(Pi), satisfying Pj ∈ �h
r1,··· ,rh

(Pi). So

Pj ∈ (�h
r1,··· ,rh

(Pi)\
h−1⋃
q=1

Γ(s,i)
q ). According to the design ap-

proach given in Theorem 3, δ rh
km is taken as Col j(H). Note

that from Lemma 1 the trajectory of (3) starting from Pj can
be driven into �h−1

r1,··· ,rh−1
(Pi) by the constant control u= δ rh

km

and this control can be obtained by Hδ j
kn . Therefore, Pj is

driven into �h−1
r1,··· ,rh−1

(Pi) and then into Γ(s,i)
h−1 by the state

feedback controller (4) with H designed as in Theorem 3.

We notice that h is finite and Pi ∈ Γ(s,i)
1 . We can use the

same technique developed above to show that Pj will be

driven into Γ(s,i)
1 and then eventually be stabilized at Pi by

controller (4) with H designed as in Theorem 3. The arbi-
trariness of choosing initial state x(0) shows the effective-
ness of our design approach. �
In the following, we are ready to give matrix forms of the
above results. First, we split the transition matrix L̄ into
km square blocks as L̄ = [L1 · · · Lr · · · Lkm ], where Lr ∈
Lkn×kn ,r = 1,2, · · · ,km.

Proposition 2 For this system (3), Pj ∈ �q
r1,r2,··· ,rq(Pi) if

and only if [Rowi(Lr1
)Lr2

· · ·Lrq ] j = 1.

Proof. According to Definition 1, Pj ∈ �q
r1,··· ,rq(Pi) if and

only if L̄δ r1
km · · · L̄δ rq

km Pj = Pi or Rowi(Lr1
· · ·LrqPj) = 1, e-

quivalent to [Rowi(Lr1
) · · ·Lrq ] j = 1. �

From Proposition 2 (and Lemma 1), we have the following
two corollaries.

Corollary 1 For this system (3), Pj ∈ (�s
r1,r2,··· ,rs

(Pi) ∪
�s̄

r̄1,r̄2,··· ,r̄s̄
(Pi)) if and only if [Rowi(Lr1

)Lr2
· · ·Lrs +

Rowi(Lr̄1
)Lr̄2

· · ·Lr̄s̄ ] j ≥ 1.

Corollary 2 If [Rowi(Lr1
)Lr2

· · ·Lrs ] j = 1, the state Pj can
be driven to Pi by the input sequence u(0) = δ rs

km , u(1) =
δ rs−1

km , · · · ,u(s−1) = δ r1
km .

Based on Proposition 2, �q
r1,r2,··· ,rq(Pi) is identified with

Rowi(Lr1
)Lr2

· · ·Lrq . Even we identify a general set
Ω ⊆ Δkn with a kn-dimensional Boolean vector. Pre-
cisely speaking, Pj ∈ Ω if and only if the jth entry
of the vector form of Ω equals to 1. We utilize the
same notation Ω to express its vector form and use

them alternatively without explanation. Denote ϒ(s,i)
h =

∑
�s

r1,··· ,rh ,··· ,rs (Pi)∈Gs(Pi)
Rowi(Lr1

)Lr2
· · ·Lrh

, 1 ≤ h ≤ s and

ϒ(s,i)
s = Σ(s,i). Then by using Proposition 2 and Corollar-

ies 1 and 2, we rewrite Theorems 1, 2 and 3 as follows.

Theorem 4 For a fixed point Pi of (3) under a constan-
t control, the following statements are equivalent.
(a) For any positive integer j ≤ kn, [Σ(s,i)] j > 0 if and only

if [Σ(s+1,i)] j > 0.

(b) σ [Σ(s,i)] = σ [Σ(s+1,i)] holds.

(c)
⋃(s,i) is the largest scope of Pi.

Theorem 5 Let Pi be a fixed point of (3) under a constant
control and Ω be a nonempty set. The system (3) is locally
stabilizable to Pi with the stability domain Ω if and only
if there is a positive integer s ≤ kn such that Ω ≤ Σ(s,i). In
particular, the system (3) is globally stabilizable to Pi if and
only if there is a positive integer s≤ kn such that 1kn ≤ Σ(s,i)

or σ [Σ(s,i)] = kn.

Theorem 6 Assume that Pi is a fixed point of (3) under a
constant control and Ω ≤ Σ(s,i) holds for an integer s. Then
all trajectories of the system (3), starting from Ω, can be
stabilized to Pi by any state feedback controller (4) with H
designed as follows. For any Col j(H), if [Σ(s,i)] j > 0, then
find a fine sth RT, say Rowi(Lr1

)Lr2
· · ·Lrh

· · ·Lrs , satisfying

[Rowi(Lr1
)Lr2

· · ·Lrh
−

h−1

∑
q=1

ϒ(s,i)
q ] j > 0 for a certain integer

h, where
0

∑
q=1

ϒ(s,i)
q = 0kn , and then choose Col j(H) as δ rh

km ;

otherwise, Col j(H) can be chosen arbitrarily.

3.2 Algorithms
Theorems 4, 5 and 6 are effective tools for solving the sta-
bilization problem of the system (3), but the difficulty in
using them is to calculate Gs(Pi). To calculate Gs(Pi) as
soon as possible, we observe that if Rowi(Lr1

)Lr2
· · ·Lrq ≤

Rowi(Lr̄1
)Lr̄2

· · ·Lr̄q holds, then R
q
r1,r2,··· ,rq(Pi) can be delet-

ed because it will not lead to any change of Gs(Pi). For
statement ease, both R

q
r1,r2,··· ,rq(Pi) and �s

r1,r2,··· ,rs
(Pi) are

briefly expressed as Rowi(Lr1
)Lr2

· · ·Lrq if no confusion

arises.
⋃(s,i) is identified with Σ(s,i). That is, Pj ∈ ⋃(s,i)

if and only if [Σ(s,i)] j > 0.

Algorithm 1 The largest stability domain of a fixed point
Pi of the system (3) under a constant control can be calcu-
lated by the following steps.

• Step 1. Set q = q = max{σ [Rowi(Lr)]|r = 1, · · · ,km}
and q = min{σ [Rowi(Lr)]|r = 1, · · · ,km}.

• Step 2. If q < q, go to Step 5. Else, denote Φq =
{Rowi(Lr)|σ [Rowi(Lr)] = q;r = 1, · · · ,km} and go to
Step 3.

• Step 3. Check whether all RTs have been checked.
If yes, go to Step 4. Else, choose an unchecked RT
Rowi(Lr1

) with σ [Rowi(Lr1
)]≤ q. If there exists a RT

Rowi(Lr2
) in Φq, different from Rowi(Lr1

), such that
Rowi(Lr1

) ≤ Rowi(Lr2
), then Rowi(Lr1

) is deleted. In
this case, replace Φq by Φq := Φq\{Rowi(Lr1

)} and
go back to Step 3. Else, Rowi(Lr1

) keeps unchanged
and go back to Step 3.

• Step 4. Replace q by q =: q−1. If Φq = /0, go back to
Step 4. Else, set q = min{σ [V ]|V is an unchanged RT
in Step 3} and go back to Step 2.
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• Step 5. Set s = 1. Denote Gs(Pi) =
⋃

Φ j �= /0
Φ j and cal-

culate Σ(s,i) = ∑
V∈Gs(Pi)

V . Check whether the equal-

ity σ [Σ(s−1,i)] = σ [Σ(s,i)] holds. If yes, stop, Σ(s,i)

is the largest stabilization domain of Pi. Else, we
branch from Gs(Pi). Precisely speaking, for each
vector of Gs(Pi), say Rowi(Lr1

)Lr2
· · ·Lrs , calculate

Rowi(Lr1
)Lr2

· · ·LrsLr,r = 1,2, · · · ,km. Replace al-
l old RTs by these new RTs and s by s := s+ 1. Go
back to Step 1.

From Theorem 5, we can also use Algorithm 1 to test the
stabilizability of (3). Next, according to Theorem 6, we
present an algorithm for designing feasible stabilizers.

Algorithm 2 Assume that Pi is a fixed point of (3) under a
constant control and Ω ≤ Σ(s,i) holds for a positive integer
s. Let Gs(Pi) = {Rowi(Lr

(q)
1

)L
r
(q)
2

· · ·L
r
(q)
h

| 1 ≤ q ≤ l}. Then

all trajectories of the system (3), starting from Ω, can be
stabilized to Pi by any state feedback controller (4) with H
designed as follows.

• Step 1. Set q = 1 and h = 1. For any integer j

satisfying [Rowi(Lr
(q)
1

)L
r
(q)
2

· · ·L
r
(q)
h

−
h−1

∑
q=1

ϒ(s,i)
q ] j > 0, if

Col j(H) has not been solved yet, then Col j(H) is cho-
sen as δ rh

2m, else Col j(H) keeps unchanged .

• Step 2. Set h = h+1. If h ≤ s, go back Step 1, else go
to Step 3.

• Step 3. Set q = q+1. If q ≤ l, go back Step 1, else go
to Step 4.

• Step 4. The other columns of H can be chosen arbi-
trarily.

4 AN ILLUSTRATIVE EXAMPLE

In this section, we give an example to show the significance
of local stabilization and the effectiveness of our methods.

Example 1 Consider a game (S4,G,Π)[5], where S4 =
(N,E) is a network, N = {w,x1,x2,x3} is the set of nodes
and E is the set of edges; G is Benoit-Krishna Game with
strategies {1: Deny, 2: Waffle, 3: Confess}; Π is the un-
conditional imitation with fixed priority, which provides a
strategy updating rule. This model can be explained as a
game of four players w, xi, i = 1,2,3. The player x2 is the
head who contacts only x1 and x3. The player w is a detec-
tive who sneaked in and can also contact only x1 and x3.
The purpose of w is to make all xi confess.

The strategy i is identified with δ i
3. Under the vector form-

s of logical variables, we define x(t) = x1(t)x2(t)x3(t),
u(t) = w(t). We calculate by the technique provided by
[5] that x(t +1) = L̄u(t)x(t) with

L̄ = δ27[1 1 9 1 1 9 27 27 27 1 1 9 1 14 18 27 9 27 25 25

27 25 26 27 27 27 27 1 1 9 1 5 3 27 27 27 1 11

18 13 14 14 27 14 14 25 26 27 25 14 17 27 14

27 21 21 27 21 24 27 27 27 27 21 19 27 24 14

14 27 24 27 27 27 27 27 14 27 27 27 27].

Clearly, the target state is xd = δ 27
27 , which is a fixed point

under any constant control δ r
3 . Now there are two problems

of interest: (1) What is the largest stability domain of xd?
(2) How do we design a state feedback controller to sta-
bilize all trajectories of the game starting from the largest
stability domain to xd? We are ready to deal with them by
using Algorithms 1 and 3.
First of all, from L̄ we get the first RTs of xd as follows:

Row27(L1) = [0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 1

0 0 1 0 0 1 1 1 1],

σ [Row27(L1)] = 10,

Row27(L2) = [0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 0

0 0 1 0 0 0 1 0 1],

σ [Row27(L2)] = 7,

Row27(L3) = [0 0 1 0 0 1 1 1 1 0 0 1 0 0 0 1 0 1

1 1 1 1 0 1 1 1 1],

σ [Row27(L3)] = 16.

Because σ [Row27(L3)] is the largest, we start with it
to make comparisons and get Row27(L1) ≤ Row27(L3),
Row27(L2) ≤ Row27(L3). Then Row27(L1) and Row27(L2)
are deleted and we have G1(P27) = {Row27(L3)}. Next, we
branch from G1(P27) as follows:

Row27(L3)L1 = [0 0 1 0 0 1 1 1 1 0 0 1 0 0 1 1 1 1

1 1 1 1 1 1 1 1 1],

σ [Row27(L3)L1] = 19,

Row27(L3)L2 = [0 0 1 0 0 1 1 1 1 0 0 1 0 0 0 1 0 0

1 1 1 1 0 0 1 0 1],

σ [Row27(L3)L2] = 13,

Row27(L3)L3 = [1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 1 1 1

1 1 1 1 0 1 1 1 1],

σ [Row27(L3)L3] = 24.

For these new RTs, we use the same technique and
find Row27(L3)L1 � Row27(L3)L3, Row27(L3)L2 ≤
Row27(L3)L3. So we delete Row27(L3)L2 and have
G2(P27) = {Row27(L3)L1,Row27(L3)L3}. Obvious-
ly, σ [Σ(1,27)] �= σ [Σ(2,27)], where Σ(1,27) = Row27(L3),
Σ(2,27) = Row27(L3)L1 +Row27(L3)L3. We have to branch
from G2(P27). Similar to the above procedure, we will have
G3(P27) = {Row27(L3)L3L1}, Σ(3,27) = Row27(L3)L3L1.
Because σ [Σ(2,27)] = σ [Σ(3,27)], we conclude that the
largest stability domain of xd is

Σ(2,27) = [1 1 2 1 1 2 2 2 2 1 1 2 1 0 1 2 2 2 2 2 2 2 1 2 2 2 2],

equivalently
⋃(2,27) = Δ27\{P14}.

In the following, we design a feasible state feedback
stabilizer by Algorithm 3. As we know, G2(P27) =
{Row27(L3)L1,Row27(L3)L3}. We find a fine second RT
arbitrarily, say Row27(L3)L3. According to the positions of
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positive elements in Row27(L3), we choose some columns
of H as follows:

Col j(H) = δ 3
3

j = 3,6,7,8,9,12,16,18,19,20,21,22,24,25,26,27.
(7)

We calculate

Row27(L3)L3 −Σ(1,27)

= [1 1 0 1 1 0 0 0 0 1 1 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0].

Then from the positions of positive elements in
Row27(L3) − Σ(1,27), some of the other columns can
be chosen as follows:

Col j(H) = δ 3
3 , j = 1,2,4,5,10,11,13,17. (8)

Now let’s see another fine second RT Row27(L3)L1. Be-
cause Row27(L3) has been considered above, we don’t dis-
cuss it any more. We calculate

Row27(L3)L1 − (Σ(1,27) +Row27(L3)L3) = [−1 −1 −1

−1 −1 −1 −1 −1 −1 −1 −1 −1 −1 0 1

−1 0 −1 −1 −1 −1 −1 1 −1 −1 −1 −1]

and get
Col j(H) = δ 1

3 , j = 15,23. (9)

The rest of columns, precisely Col14(H), can be chosen
arbitrarily, say δ 2

3 . Combining it with (7), (8) and (9) yields
a state feedback controller

u(t) = Hx(t),

H = δ3[3 3 3 3 3 3 3 3 3 3 3 3 3 2 1 3 3 3

3 3 3 3 1 3 3 3 3].

(10)

It is verifiable that all initial states x(0) ∈ ⋃(2,27) can be
stabilized to xd via our state feedback controller (10). For
example, when the initial state of the game is chosen to
be x(0) = δ 15

27 , equivalently (Waffle, Waffle, Confess), the
state-control trajectory (x,u) of the game is

(x(0),u(0)) = (δ 15
27 ,δ

1
3 ), (x(1),u(1)) = (δ 18

27 ,δ
3
3 ),

(x(t),u(t)) = (δ 27
27 ,δ 3

3 ), t ≥ 2.

That is, if the detective take actions Deny first and Confess
later, he/she must make all other players confess.

5 CONCLUSION

In this paper, we have considered the local stabilization
problem of logical systems and derived some interesting
results, which are listed as follows. (1) A more general
concept of stabilizability of k-valued LCNs has been given.
(2) Some necessary and sufficient criteria for the largest
stability domain of a fixed point of a k-valued LCN under
a constant control have been obtained. (3) An equivalent
local stabilizability condition (including global case) has
been provided. (4) A constructive design approach to a
feasible state feedback stabilizer has been presented. (5)
According to the above results, three algorithms have been
developed.
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