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Abstract: In this paper, a new data-based self-learning control scheme is developed to solve infinite horizon optimal
control problems for continuous-time nonlinear systems. The developed optimal control scheme can be implement
without knowing the mathematical model of the system. According to the input-output data of the nonlinear systems,
a recurrent neural network (RNN) is employed to reconstruct the dynamics of the nonlinear system. According to the
RNN model of the system, a new two-person zero-sum adaptive dynamic programming (ADP) algorithm is developed
to obtain the optimal control, where the reconstruction error and the system disturbance are considered the control input
of the system. Single-layer neural networks are used to construct the critic and action networks, which are presented to
approximate the performance index function and the control law, respectively. Finally, simulation results will show the
effectiveness of the developed data-based ADP methods.
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1 INTRODUCTION

Optimal control of nonlinear systems has always been the
key focus of the control field in the latest several decades
[1-3]. Adaptive dynamic programming (ADP) [4, 5] is
a powerful brain-like intelligent optimal control method
for nonlinear systems [6—8]. Iterative methods are widely
used in ADP to obtain the solution of the Hamilton-Jacobi-
Bellman (HJB) equation indirectly [9-12]. In [13], a
complex-valued policy iteration algorithm was discussed,
where for the first time the optimal control problem of
complex-valued nonlinear systems was successfully solved
by ADP. In [14], based on neurocognitive psychology, a
novel policy iteration algorithm based on multiple actor-
critic structures was developed for unknown systems and
the proposed controller traded off fast actions based on
stored behavior patterns with real-time exploration using
current input-output data.

In most previous iterative ADP algorithms, the system
model were generally required to update the iterative con-
trol law and the iterative value functions. However, accu-
rate mathematical models of nonlinear systems are diffi-
cult to obtain. In this situation, recurrent neural network
(RNN) is an effective tool to reconstruct the system dy-
namics [15-17] using the system input-output data. In [18],
an affine-type RNN, inspired by [19], was proposed to re-
construct the nonlinear system, which makes the system
control law can explicitly be expressed by the optimality
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principle.

In this paper, inspired by [18, 19], a new data-based ADP
method for continuous-time unknown nonlinear systems
with disturbance will be developed. For the unknown non-
linear system, a recurrent neural network is employed to
reconstruct the system dynamics. According to the RNN
model, the optimal control problem with disturbance is ef-
fectively transformed into a two-person zero-sum optimal
control one. The optimal control law by ADP is achieved
under the worst case disturbance. Single-layer neural net-
works (SLNNs) are introduced to approximate the perfor-
mance index function, the system control law, and the dis-
turbance control, respectively, for facilitating the imple-
mentation of the ADP method. Finally, simulation results
will show the effectiveness of the developed data-based
ADP methods.

2 Problem Formulation

In this paper, we consider the following general nonlinear
continuous-time systems with disturbance

&= F(x,u) + 74, ey

where © € 2, is the n-dimensional state vector and u €
Q, is the m-dimensional control vector. Let €2, and €2,
be the domains of definition for state and control, which
are defined as 2, = {z|z € R"and|z|| < oo} and
Q, = {u|u € R™and |lul]] < oo}, respectively, where
| - || denotes the Euclidean norm [1]. Let F be an un-
known smooth nonlinear function and 74 be a finite n-
dimensional measurable system disturbance. Let 77 > 0
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is a positive constant. Let €2, be the domains of defini-
tion for disturbance, which is defined as Q,, = {74| 74 €
R™and ||7q| < 77}

According to [18, 19], the nonlinear system (1) can be re-
constructed by the following RNN model

i=ATz+ B f(@2)+CTu+D + .4+ 715. ()

Here, A, B, C, and D are the unknown ideal weight matri-
ces, which are assumed to satisfy ||A||r < A5, |B||r <
BE.|IC|lF < CB, ||D||r < DB, respectively, where is A,
BB, CB, DB are all positive constants. Let the activation
function f(z) be a Lipschitz continuous function on €,
ie., Vx,y € €, there exits a positive constant y > 0 that
satisfies the following inequality

() = FWIl < xllz =yl ®3)

Let 7. be the finite approximate error, which satisfies
|l 7=|l < 7B, where 72 > 0 is a positive constant.

Based on (2), the data-based RNN model can be con-
structed as

t=ATi+ B f(2)+CTu+D" + &2, (4

where /l, B, C and D are the estimated weight matrices of
the ideal unknown weight matrices A, B, C and D, respec-
tively. Let £ be a square matrix that satisfies

Ain(€ — AT - %BTB> > %x? )

where Apmin(+) denotes the minimum eigenvalue of a ma-
trix. Let the state estimation error be

Zm =X — I. 6)

Define the weight estimation error matrices as A =A- A,
B:B—l’;’,é:C—é,f):D—ﬁ,anddeﬁnef(zm) =
f(z) — f(&). According to [18], we can prove that the
state estimation error z,, and the weight estimation error
matrices ft, B R C , and D are all UUB.

3 Data-Based Self-Learning Optimal Control for
Unknown Nonlinear Systems with Disturbance
Using ADP

In this section, adaptive dynamic programming (ADP) is
developed to design the optimal controller for the unknown
nonlinear system with disturbance. First, the optimal con-
trol problem for the nonlinear system with disturbance is
transformed into a two-person zero-sum optimal control
problem. Next, the detailed ADP implementation by neural
networks are developed and the expressions of the optimal
controller is obtained.

3.1 Derivation of the Zero-Sum Optimal Control
Problem

Using RNN, we can see that as ¢ — oo, the RNN-based
system state #(t) will converge to a finite neighborhood
of the ideal sate z. The matrices of the RNN, i.e., ./l, B,
C, and D will also converge to finite neighborhoods of the
ideal matrices A, B, C, and D, respectively. Hence, for

t — 0o, we can let lim fl:A, lim B:B, lim C=C
R t—o00 t—o0 t—o0
and flim D = D, respectively, where A, B, C, and D are
—00

corrésponding steady weight matrices.
Consequently, the nonlinear system (1) can be rewritten as

i=A"r+ B f(z)+ CTu+ DT +w, @)

As x € Q, and u € €, are both finite, then there ex-

ist positive constants w? > 0, w? > 0, w? > 0 that

satisfy w? = sup ||[(A— A)z + (B — B)f(z)|, w? =
€N,

sup ||(C — C)ul|, and w? > | D — D||, respectively.

uelly

Hence, the parameter w in (7) can be seen as a finite system
disturbance, which satisfies

lw| < w? +wB +wf + 78 475, 8

Considering the disturbance w as a system control input,
according to [20,21], the optimal control for system (7) can
be transformed into a two-person zero-sum optimal control
problem, where the performance index function can be de-
fined as

V= /too (Q(z(s)) + u"(s)Ru(s) — v*w' (s) Pw(s))ds.
&)

In (9), we let Q(x) be a positive definite function which
satisfies Q(x) > Qz'x for a certain positive constant Q.
Let R and P are both positive definite matrices and let y >
0 be a positive constant. According to (9), we can define
the Hamilton function as

H(z,u,w, V) =V (ATz + BT f(z) + CTu+ D" + w)
+Q(z) +u' Ru — y*w' Pw, (10)

dv

P Let r(z,u,w) = Q(x) + u' Ru —
x

~?w" Pw be the utility function. To guarantee the existence

of the optimal performance index function (saddle point),

we assume that the following Ls-gain is less than or equal

to 7.

where V, =

Definition 1 Let v be certain prescribed level of distur-
bance attenuation. The system (7) is said to have La-gain
less than or equal to vy if the inequality

/t " (@Q(a(s)) + a7 (s)Ru(s))ds <+ / " (wT(s)Pu(s))ds
(11)
holds for all w.

According to [20,21], the optimal performance index func-
tion can be defined as

v —minmax [ (QGals) + 07 (9)Ru(s
— 72w (s)Pw(s))ds. (12)

Thus, we desire to find a state feedback control law such
that the closed-loop system is stable and simultaneously
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makes the performance index function (9) reach the opti-
mum. According to [20, 21], for arbitrary - that satisfies
(11), we have the optimal performance index function V*
satisfies

oo
V= minmax/ r(x,u,w)ds
t

00
:maxmin/ r(x,u, w)ds. (13)
w u t

According to (10) and (13), the optimal control pair
(u*,w*) satisfies the following Hamilton-Jacobi-Isaacs
(HII) equation

H(x,u"w*, V")
=7 (AT:U +BTf(x)+CTu* + DT
+w*) + Q(z) + u*T Ru* — y*w*" Pw*
=0. (14)

According to the principle of optimality, the optimal con-
trol pair (u*, w*) can be expressed as

1
ut = —53*101/;,

|
W= —

52 PV (15)

Generally, the optimal performance index function V*(x)
is a non-analytical nonlinear function. It is nearly impossi-
ble to obtain V*(x) by solving the HJI equation (14). To
overcome this problem, a new ADP algorithm for the zero-
sum optimal control problem is developed. Three neural
networks, which are critic, u-action and w-action networks
are established to approximate the performance index func-
tion, the system control law « and the disturbance control
law w, respectively, to implement the developed ADP al-
gorithm.

3.2 Designs of Critic and Action Networks

In this subsection, based on the well-trained RNN (7), three
single-layer neural networks (SINNs), which are critic, u-
action and w-action networks, respectively, are introduced
to implement the developed ADP algorithm.

3.2.1 Critic Network

The goal of the critic network is to approximate the perfor-
mance index function. Based on the trained RNN model
(7), the ideal function critic network can be expressed by

V= WCT'(Z)C + Te, (16)

where V' is the performance index function and W, is the
ideal weight matrix of the critic network. Let ¢.: R" —
RNe, be the activation function, where N, is the number of
neurons in the hidden layer. Let 7. be the finite approxima-
tion error of the critic network, which satisfies ||7.| < 7.2
for a certain positive constant 7.7,

Let WC be the estimation weight matrix of .. Then, the
actual output of the critic network can be expressed as

V =Wy, (17)
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where V is the estimation value of V. Define the weight
estimation error of the critic network as

W, =W, - W,. (18)
Define the approximate Hamilton function as
H(z,u,w, W) =WV (ATz + BT f(x) + CTu+ DT
+w) + Q(z) + u' Ru — v*w' Pw
=z 19
If we let
TH = W] Vi +r, (20)
then z. in (19) can be rewritten as
e = ~WIViei + 1, @n
The objective of the critic network is to select W, which

minimizes the following squared residual error

L,

Be= 522, (22)

Based on the gradient descent rule, letting ¥; = Vi .z, the
update law of the critic weight matrix can be expressed as

. T1i
Wc = _lc 8EC = _l 191(191 WC + T)

- . . (23)
oW, WT9; +1)°

where [. > 0 is the learning rate of the critic network. De-

9
fine 99 = 19—1, where 3 = ﬁIﬁl + 1. Then we can obtain
3
: 91 (9T W, 5
W, = ICM = 19T W, + 192 2L, (24)
93 U3

3.2.2 wu-Action Network

The goal of the u-action network is to compute the opti-
mal feedback control law of system (7) with respect to the
performance index function (9). The ideal function of the
u-action network can be expressed by

w= Wt + T, (25)

where W, is the weight matrix of u-action network. Let
thq: R® — RN be the activation function vector, where
N, is the number of neurons in the hidden layer of u-action
network. Let 7, be the finite approximation error of u-
action network, which satisfies |7, < 72 for a certain
constant 75, Let W, be the estimation weight matrix of
W,. Then, the actual output of the u-action network can be
expressed as

LT
=W, Ya, (26)
where @ is the estimation vector of u. According to the

OH (z,u,w, Wc)

Hamilton function (19), from = 0, we

u
can obtain the desired feedback optimal control law as

1 ~
u= —iR‘lewIWc. 27
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Then, the approximation error of the u-action network can
be defined as

Za = Wby + %R‘lcvaWc. (28)

The objective of the u-action network is to select W, which
minimizes the following squared residual error

E, = =22 (29)

Based on the gradient descent algorithm, the update rule
for the u-action network weight is given by

Wa = (W + G ROVETT,  (30)

where [, > 0 is the learning rate of u-action network. If we
define the weight estimation error of the u-action network
as

Wy =W, — W, (€19}

then we can obtain
W =Lt (W~ W) Tooa + S R COVUT (W~ 1W,))T
= latha(~ W~ G ROVYIW, 4 W] 4,

+ %R—lcvaWC)T. (32)

3.2.3 w-Action Network

The goal of the w-action network is to approximate the op-
timal disturbance control law of system (7). The ideal func-
tion of the w-action network can be expressed by

w=W]Yq + To, (33)

where W, is the weight matrix of w-action network. Let
hg: R® — RN« be the activation function vector, where
Ny is the number of neurons in the hidden layer of w-action
network. Let 7, be the finite approximation error of w-
action network, which satisfies ||7,,|| < 72, for a certain
positive constant 72. Let W, be the estimation weight ma-
trix of Wy. Then, the actual output of the w-action network
can be expressed as

W = W] b, (34)

where w is the estimation vector of w. According to the

OH (&, u,w, W)

Hamilton function (19), from = 0, we

w
can obtain the desired feedback optimal control law as

1 .
w = 27213 vy lw.,. (35)
Then, the approximation error of the w-action network can
be defined as

1

Zd:W(Lbd*ﬁ

PV W, (36)

The objective of the w-action network is to select Wy
which minimizes the following squared residual error

1
Eq= 52«3. (37)

Based on the gradient descent algorithm, the update rule
for the w-action network weight is given by

R - 1 P
Wa = —lapa(Wita = 5 g PIVOSW)T, - G38)

where [; > 0 is the learning rate of w-action network. If we
define the weight estimation error of the w-action network
as

Wy =Wy — Wy, (39)
then we can obtain
Wa = Laal((Wa = W) T = 5 P VT (W, = W)
=lgtba(—W] ba + %PilVdJCTWc + WJa

1
— —— Py W )T. 40
gt VW) (40)

According to the two feedback control laws 4 and w in (25)
and (34) obtained by ADP method, the feedback function
of RNN model (7) can be expressed as
i=A"z+ B f(z)+CTa+ D" +
=AT2+ BT f(x) + CT (W, — Wo)the + DT

+ Wy — Wa)tha
=AT2+ B f(z) + CTu+ D" +w — CTWoih,
— Oy — Wathg — To. (41)

According to (23), (30), and (38), the update laws of the
critic, u-action, and w-action networks are established, and
the ADP algorithm can be implemented by updating the
performance index function, and the approximate control
law pair (@, w). From (41), the feedback system under the
control law pair (@, w) is also constructed. In next subsec-
tion, the convergence properties will be developed to show
the effectiveness of the developed ADP method.

4 Simulation Study

In this section, we examine the performance of the devel-
oped method in a continuously stirred tank reactor system
with an exothermic reaction [22]. The nonlinear system is

given by
. 13 5
Ty - & 12 €1 —I1
R I R
(42)
where © = [x1,72]". Define Q, = {z|z € R?, -1 <

1 < 1,-1 <29 < 1}and Q, = {ulu € R,-3 <
u < 3}. Let w = [wy,0] be the system disturbance,
where |wq| < 1. Let the utility function be expressed as
r(z,u,w) = 2" Qx + u' Ru — v?w' Pw, where Q = I,
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R =5I, P =1,v% = 3.5, and [ is the identity matrix
with suitable dimensions. First, a data-based model is es-
tablished to estimate the nonlinear system dynamic. Let
us select the RNN as (7) with the activation function f(x)
selected as hyperbolic tangent function tanh(z). Let the
initial elements of matrices A, 53, C, D be randomly se-
lected in [—0.5,0.5]. The trajectories of the state estima-
tion errors by RNN are shown in Fig. 1, where we can see
that the state estimation errors are UUB around the equilib-
rium. Hence, we can see that the nonlinear system can be
well approximated by the RNN.

4

State estimation errors

0 50 100 150 200 250 300 350 400
Time (Seconds)

Figure 1: Trajectories of the state estimation errors by RNN

Next, ADP method is implemented to design the optimal
control law of the system by SIANNs. Assume that the
number of hidden layer neurons is denoted by /. The weight
matrix between the input layer and hidden layer is denoted
by Y. The weight matrix between the hidden layer and
output layer is denoted by W. Let b denote the threshold
vector of the neural network. Then, the output of STANN
is expressed by F'(X,Y,W,b) = WTo(YTX + b), where
o(YTX +b) € R, and () = tanh(-) is the activation
function. During the training procedure of SINN network,
only the output weights 1 are updated during the training,
while the hidden weights are arbitrarily chosen and then are
kept fixed. Hence the output function of the SINN can be
written as .

F(X,W)=WT5(X), (43)

where 5(X) = o(YTX + b). We can see that a SINN
can be effectively constructed by a two-layer networks. Let
critic, u-action and w-action networks to approximate the
performance index function, optimal control law and opti-
mal disturbance control, respectively. Choose structures of
critic, u-action and w-action networks as 2-8-1, 2-8-1 and
2-8-1, respectively. Let the weight matrices Y and b for
critic, u-action and w-action networks are arbitrarily cho-
sen and fixed. Letting the initial W weight matrices of the
critic, u-action and w-action networks be zero, we imple-
ment the ADP method for ¢y = 400 seconds. The con-
vergence trajectories of the critic weight matrix are shown
in Fig. 2. The convergence trajectories of the u-action and
w-action weight matrices are shown in Figs. 3 and 4, re-
spectively.

After 400 seconds, from Figs. 2-4, we can see that
the critic, wu-action and w-action networks are all

2016 28th Chinese Control and Decision Conference (CCDC)

Weights of critic network

0 50 100 150 200 250 300 350 400
Time (Seconds)

Figure 2: Weight convergence of the critic network

Weights of u-action network

0 50 100 150 200 250 300 850 400
Time (Seconds)

Figure 3: Weight convergence of the u-action network

converged.  Choose the disturbance signal w(t) =
0.574(t)e %2 cos(t), where for V¢ = 0,1,..., r1(¢) is a
random number in [—1,1]. Then, the optimal control tra-
jectory is shown in Fig. 5 and the corresponding system
states are shown in Fig. 6.

5 Conclusions

In this paper, a data-based ADP method is developed to
solve the optimal control problem for continuous-time un-
known nonlinear systems with disturbance. An effective
RNN model is used to establish the system dynamics. ADP
method is developed to obtain the optimal control law of

Weights of w-action network

0 50 100 150 200 250 300 350 400
Time (Seconds)

Figure 4: Weight convergence of the w-action network
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Optimal control

04 I I I I I I I
0 50 100 150 200 250 300 350 400

Time (Seconds)

Figure 5: Trajectory of optimal control

System states

0 50 100 150 200 250 300 350 400
Time (Seconds)

Figure 6: Trajectories of system states

the system based on the RNN model. Finally, numerical
results are presented to demonstrate the effectiveness of the
developed optimal control scheme.
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