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Abstract: An (2-regularized policy evaluation algorithm, termed RRC (Regularized RC), is proposed for applying in the

reinforcement learning problems. RBF network is used to construct VFA, and its weight vector is solved based on RC
algorithm. An additional recursive step is used to achieve a different effect from traditional recursive least-square-based

(2-regularized algorithm: the regularization term does not decrease throughout learning. Additionally, a fast counterpart

algorithm with O(n?) complexity is also proposed, termed as Fast RRC (FRRC), which is more practical online algorithm
than RRC. The convergence analysis and experiments results demonstrate the significant performances of RRC and

FRRC.
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1 INTRODUCTION

Reinforcement learning (RL) methods contain a series of
approximation algorithms for problems involving Markov
decision processes (MDP) [1]. The two main tasks of RL [2]
are policy evaluation, aiming to solve the value function as
an evaluation of a certain policy, and control learning,
aiming to find the optimal policy. Since policy evaluation
has the basic position of RL, many researches focus on high
effective policy evaluation algorithm [3]-[5] in the last two
decades.

To solve large-scale or continuous MDP problems, the
value function approximation (VFA) is used to construct
the mapping from state to value function. Three-layer
neural networks are desirable nonlinear mapping functions
for constructing VFA [6]. However, the training methods
for neural network-based VFA in RL are different from
those in supervised learning problems. Least-squares-based
and gradient-based temporal difference (TD) learnings are
two effective series of algorithms to solve the linear
parameters of this kind of VFA [7]. Furthermore, like in
other machine learning methods, regularization in RL
algorithms [8]-[10] can prevent over-fitting and improve
generalization performance, especially with the sample
noise and limited number of samples. However, in
traditional recursive least-square-based TD methods, the
regularization term decreases throughout learning, and thus
the VFA parameters are unstable although the objective
function converges.

To solve this problem, in this paper we focus on improving
the online ¢2-regulazied recursive least-square-based TD

method. We proposed a different regularization procedure
from other RLS-based method, and constructed the
regularized RC algorithm (RRC). RRC can sustain the
regularization effect throughout learning process. The VFA
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are constructed by an RBF neural network. Additionally,
the convergence analysis, empirical results and some
extension of RRC are also proposed.

The rest of paper is organized as follows. In Section 2 the
RBF-based VFA is proposed. RRC algorithm and the
extensions are proposed in Section 3. The convergence
analysis is given in Section 4. The empirical results are
presented in Section 5. Finally we conclude this paper in
Section 6.

2 RBF-BASED VFA

For a brief expression, only finite MDPs are considered in
this paper. However, the following analyses and algorithms
can also be generalized in the cases of continuous MDPs.

A finite MDP is defined as a tuple (S, 4, Po, R, 77 ), where S

is a finite set of states; A4 is a finite set of actions; P: x4 X

S —[0,1] is a state transition kernel matrix; R is a reward
function; and + is a discounted factor. The state transitions

in the MDP are determined by a stationary policy 7 : S—A.
The value function V" (s) is used to estimate the expected

discounted sum of the future rewards in each state s:
Vi@ =B[ X 2l =], (M)

The vector V'™ has |S| dimensions, and should be a fixed
point of the following Bellman equation:

V' =T"V" =R+~yPV" )
The superscript 7 denotes that the matrix or vector are

determined under the policy m , and we drop it for
notational simplicity without ambiguity.

To deal with problems in large state spaces, a certain
structured VFA is needed for learning and estimating the
value function V™. A three-layer RBF neural network is
chosen as the VFA in this research, because RBF networks
have good approximation performance and simple linear
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learning structure for deriving and analyzing. The input
layer has the identical dimension to that of state vector s,
used to mapping the current state directly to the hidden
layer. Some artificially selected hidden nodes construct the
hidden layer, and a bias node is added:

_ ls=cll} ool Il . oy I =5
¢(S) - |:17 exp[ _20_2 9eXp _20_2 B exp _20_2
3)

where ¢,(i=1,2,---,n) is the RBF center, and o is the

width parameter. The output vector of the hidden layer is
denoted as ¢(s), which provides the non-linear features
mapping from the input space to the feature space.

RBF nodes

Input vector: i
¥

State s(k) Weight
() % vector 6 Output

Value function
Vs(h)]

Hidden
layer

Fig 1. Construction of RBF-based VFA.

The output matrix of the hidden layer ®(s)e R is

formed with all the ¢" for each state as each row. Defining

the output linear weight vector as 6 , the RBF-based VFA in
matrix form can be obtained as follows:

VTV, =00 =07 (s):0" (550" (s) |0 ()

The training process of the RBF network contains
determining the centers ¢, and width parameter o in the

hidden layer, and solving the weight vector 6 to the output
layer. The centers ¢, can be determined using some

unsupervised learning methods, such like ~-means, or even
selected manually in simple problems. As a single scalar, an
appropriate o can be determined by 1-D search. However,
how to solve # is main task. Least-square-based TD
method is used to find 6 as the TD fixed point, instead of
error back propagation and pseudo-inverse methods in
supervised learning.

3 REGULARIZED RC ALGORITHM

In this section we propose a technique to solve the weight
vector # in reinforcement learning, based on the
RBF-based VFA mentioned in Section 2 and RC algorithm.

RC algorithm (recursive least squares temporal difference
with gradient correction) is a recursive version of LS-TDC
algorithm [11], combining LSTD and TDC, and aims to
minimize the following objective function termed MSPBE
[12]:

)

As a gradient-descent algorithm, RC has the gradient
residual equations as follows:

@' ®+enf =0 (1P'u+R) -7 dw
(@D +el)w=D"(R+~3'0 - D0)
The auxiliary modifiable parameter vector w is used to
estimate TD-error. The current and next time-step sample
matrix ¢ and &’ are consisted as a sufficient observation
sample trajectory of m samples, with the format
of (s;,7,5]) ,i=1,2,---,m . ® and ® are used to estimate
the terms containing ®and @’ . these sample matrices and
vectors are defined as follows:
& 4 7
i andR=| :
o] e 8
The small nonnegative number ¢ in formula (6) is the
regularization parameter. Many least-squares-based TD
algorithms, such as LSTD, LSPE and RC, use ¢ to ensure
the state matrix invertible. Another purpose of ¢ is to
realize {¢2-regularization. However,

MSPBE(9) = [V, - 117V, |,

(6)

(M

the state matrix

sustains increasing throughout learning, whereas the
regularization term e/ is constant. Hence, the effect of
regularization is asymptotically decreasing to zero with
learning process. As the result, the norm of 6 keeps
increasing until the number of samples amount to large
enough, and the effect of regularization barely exist
afterwards.
A straight-forward method is proposed to sustain the effect
of regularization throughout the learning process. That is,
we change the joint linear system in formula (6) as

FTH FT&H’ FTH k FTp

Ff Lot ﬂngm {‘f’f}, @®)

OO0 P DD P ®'R
where p =[6;w]. The only difference between formula (8)
and (6) is that in every time-step a regularization diagonal
matrix is added to the state matrix. The solution 6 can be
obtain by solved the linear system of formula (8) with
computational complexity O(n®). However, the recursive
counterpart with O(n?) complexity in each step is more
practical for the online learning problems. The following
lemma is a common technique to realize recursive matrix
inverse:
Lemma 1 (Sherman-Morrison): assuming that matrix 4 is
invertible and that the vectors « and v satisfy 1+v 4 'u#0,
then:

A+ ) = A" =AU+ A )V AT 9)

The incremental definition of formula (8) can be rewritten

as
196 }g 1]

G, = "
40

i W (6, =)
¢i (¢, - 7¢i/)T

k
hk |:r;¢l :|
perd 03

i=1

(10)

]
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The inverse P, of state matrix G, is defined as

P =G,

d)k \T QS, T
=104 +|:£5’k_:|‘[(¢k _7¢k) 0:|+|::¢’k_i|l|:0 o :|

T T
o Vik Uy g Vik

— T — T — T
+EI(1)I(1) + EI(Z)I(Z) +--o 4 51(2”)Im)

el

. (11)

Here G, in the kth time-step has been decomposed as the

sum of a series of vector products, and in this case the
inverse P, can be solved by using Lemma 1 repeatedly. In

RC algorithm only the first two vector products of G, are

considered, and the recursive computation procedure is
shown as follows:

v, = By,

K, :\I!Lk(vlT,kPkfl)/(l+vlT’k\I/1,k). (12)
D, =F, _K],k

v, =Du,,

K, =\I/2.k(v;ka)/(l+v2T,k\P2’k) (13)
B =D -K;,

A 2n-step loop is employed to continue to deal with the last

2n terms in formula (11). In the jth step, the inverse B ;)
containing the first j terms of £/ is solved as

- _ = T — LT
By =By = BenE L A+ LB L)) LB

= l)k,([—l) - ng,(H) G ])(1 + gl)k,(j—]) (Ja J.))il Ec,(jq) (ja )
(14)

In online problems, the current parameter vector can be

solved as p, = B, i,/ -

We call this algorithm as ¢2-regularized RC (also as RRC).
The procedure of RRC is presented as follows:

5 Compute £, ; as in formula (14)
6 Set j« j+1

7: Until j=2n

&:  Compute p, = Bﬁ(zn)ﬁk

9: Set k<« k+l

10: Until £k =m

Return p, (containing vector, )

It can be seen from Algorithm 1 that the regularization loop
from line 4 to 7 increases the computation highly.
Accurately, this loop has 2 iterations that equals the
number of hidden nodes of RBF, and each iteration
contains an O(n?)-complexity vector product. Hence, the
computation complexity of this loop is O(n*). However, the
complexity can still be reduced to O(n?) under one common
assumption; that is, the number of samples is much larger
than the number of hidden nodes. Accordingly, when a new
sample comes, only one regularization term of one
dimension is added:

. _ -1
P =G, ={Pk—1 Uy +“z,kV2T,k +€I(p)I(;>} - (19

And P, can be obtained by solving formula (14) only once:

B =P ~EF_(,p)I+ER_ (p.p)) ' B (p) (16)
The periodic variable p changes from 1 to 2» in turn, and at
the beginning p is initialized as 1. In this way, the
regularization loop in Algorithm 1 (line 4 to 7) can be
replaced by the following pseudo-code:

Pseudo-code: fast regularization step

1: Compute P, as in formula (16)
2:Set p<— p+1
3: If(p>2n),p«1

Algorithm 1 RRC

Initialization:
1. Parameters and samples:
¢ € R, : regularization parameter

~v€[0,1]: discounted factor
{c,},0 : centers and width of RBF network
{s,.r;.s]}" : state transition and reward samples
2. Variables:
Setp, =0 and fzo =0
Set G, =¢1
1: Repeat
2:  Compute u,, , uy,, v, ,and vy,
3:  Compute P, asin formula (12) and (13)
4: Repeat
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With this alternative step, Algorithm 1 becomes to be with
an O(n?) complexity. This variant RRC is termed Fast RRC
(FRRC) in our following analysis and experiments.

The idea proposed in this section to achieve a real online
(2-regularization can also be extended to other recursive

least-square-based algorithms, such as the standard RLSTD
and LSPE. With the similar derivation, the updating

representation of the new online ¢2-regularized RLSTD is
given as follows:

P, =P =R&(6,=19)" P /[1+(4,-16)" B4,]

F;m,(j) = P;c,(j—l) _5}3{%("].)(1"'5]),{% (]'aj))il Pk+§ (Ja)

k
Oy = Pk+],(j) Z”id)i
i=1

B{+l = Pk

+1.0J)

a7
Note that although a faster O(n?) algorithm is obtained, the
error emerges from the regularization of FRRC, because the
replacement from formula (14) to (16) is only an
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approximation. However, in the next two sections we show
the convergence analysis and experiments to demonstrate
that the error is negligible, when a large number of samples
are possessed.

4 CONVERGENCE ANALYSIS

RRC and FRRC have the identical assumptions to LSTD
for convergence. Considering that a RBF network is used
the VFA, these assumptions are summarized as follows:
Assumption 1 (MDP) [12], [13]: the underlying policy is
stationary; the MDP is finite and mixing; and the
expectation of the reward function is bounded.
Assumption 2 (RBF): the output matrix of the hidden layer
@ is full rank; and for each state, E[¢, ] is bounded.

Assumption 3 (Sherman-Morrison): all of the recursive
inversing  equations 1+vT A u#0 in

denominators.

satisfy

Under these assumptions, RC algorithm converges to the
unique TD fixed point with probability one. That is

| | {0]( } F}
lim p, =lim = .
k—o0 k—oo wk 0

However, the RRC and FRRC have different convergence
to a different fixed point from RC, LSTD and other
recursive least-squares-based algorithms.

(18)

We denote the four partitioned matrices of G, in formula

(10)as 4,, B,, C,,and D, ,and their limits when k — oo
are calculated as

k
. -1 T ~T"’_ =~ . -1 —
fimk 4, = lim[ '@ —1@'¢"]+ imk "D 21

=®"DO—y®"DPD’ +¢]
limk™ B, = m[@%]

k—oo
limk™'C, = lim (870 —13" (19)

=limk "' 4, ¢l
k—oo
k—oo

k
limk™'D, = lim [&7® ]+ lim k-‘;a

=0"DP+el

The four limits in formula (19) are denoted as Zlm , B_, C’N s

and D_. The limit value of P_ is then solved by using the
rule for partitioned matrix inversion as follows:

Here H_=limk™'f, =lim [®R] is the limit value of both

partitioned matrices of 4_. Now we focus on the weight

vector 6_:
0. =A"'H +A'B.(D.-C_A'B)Y(C_A'H_-H_)
=A'H_+A'B.(D.-C_A"'B.y" (C_AH_-H.)

S

=A'H_+M(C_A'H_-H_)
(21

where M is a bounded matrix. The first term A_'H_ is the

unbiased evaluator of solution of the following objective
function:

3 . 1 = = = 7 2 — 2

70" = argmuln5||¢)u—(R+7<I> )|| +2ul @2

The solution ” is different from 6, because 0 is the
solution of other recursive least-square-based algorithms:

f(0") = argmin % "Ci)u —(R+~D)

.1
CelimEuly 23)

That is why RRC and FRRC can sustain the regularization
effect throughout the whole learning process.

Therefore, 6_ converges to the fixed point of formula (22):
0. =A"H_ +M(C_AH_-H_)
=0"+M(C.6"-H.)
=07 +0 (24)

In addition, the auxiliary modifiable parameter vector w
also converges:

w.=—(D,-C_A'B.y'C_.AH_ +(D_-C_A'B.)"'H.

=(D_.-C_A'B.)y"(-C_.0" +H.)

—
=N(C.0"-H_)
=0
(25)

Hence the limit value w_ =0, identically to the conclusion
in RC algorithm.

5 EMPIRICAL RESULTS

We choose a standard 20-state chain walk problem to
demonstrate the different regularization performances
between the proposed algorithm and others. This MDP
consist 20 states, two action (go left and right), and the
reward of one given at both end of the chain. Other details
can be found in [14]. In both of the following experiments,
10000 samples are generated in a run under the independent
identically-distributed sampling method (see [15]), and the
learning process is set as an on-policy learning.

5.1 Comparison between RRC and RC

The first experiment aims to show difference regularization
performance between RRC and RC. We chose 11 centers of
the RBF network, being spread uniformly over the whole
chain, and the width is set as 7 by 1-D search. The
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regularization parameter of RC is set as 107!, and that of
RRC is 0.5%10,

MSE

| N AT

0.05

4,000 6,000 8,000 10,000

Time-step

Fig 2. Comparison of MSEs of RRC and RC in 20-state chain walk MDP
with 12 RBF hidden nodes.

Values of Parameters

5000 10000

Time-step

5000 100000

Time-step

Fig 3. Comparison of parameters of RRC and RC in 20-state chain walk
MDP with 12 RBF hidden nodes.

In Figure 2, the two algorithms demonstrates obvious
different parameter convergent trends: the norm of RC’s
parameters sustains increasing, whereas that of RRC’s is
becoming stable. In Figure 3, the two MSE curves intersect
at time-step 5000, the midpoint of the whole learning,
because at time-step 5000 both algorithm has the same
current regularization parameter 0.5%10** (note that RRC’s
is constant). Form the result of this comparison, it can be
seen that RRC can sustain regularizing the parameter vector
throughout the learning and converge to the regularized TD
fixed point expected, whereas RC is gradually losing
regularization effect and only converges to the original TD
fixed point.

5.2 Comparison between RRC, FRRC and R-RLSTD

In the second experiment, we compare the performance of
the three algorithms proposed in this paper. For a brief and
clear result of comparison, in this experiment only 5 centers
of the RBF are used, which spread uniformly over the
whole chain. Then the dimension of the weight vector is 6
with 5 centers and a constant bias. The other settings are
identical to those in the first experiment.
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RRC FRRC R-RLSTD

40

30

20k - - - - —

Values of Parameters

-30

40 - - - - |

-50

-60

5000 10000

Time-step

10000 5000 10000

Time-step
Fig 4. Comparison of parameters of RRC, FRRC and R-RLSTD in 20-state
chain walk MDP with 5 RBF hidden nodes.
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Fig 5. Comparison of parameters of RRC, FRRC and R-RLSTD in 20-state
chain walk MDP with 5 RBF hidden nodes.

MSE between RRC and FRRC
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0 2000

Fig 6. The 2-norm between MSE curves of RRC and FRRC in Figure 5.

Figure 4 shows the curves of parameters of these three
algorithms. It can be seen that all of them sustains the
regularization effect throughout learning. Further, RRC and
FRRC have almost the identical convergent curves of each
parameter. However, R-RLSTD is less stable than these
two RC-based algorithms, especially in the beginning stage
of learning. The MSEs are compared in Figure 5, where we
can also see that the MSE curves of RRC and FRRC almost
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intersect, and that of R-RLSTD has much high amplitudes
in the beginning stage of learning. The 2-norm between
MSE curves of RRC and FRRC is shown in Figure 6. This
norm decreases fast, and the final value is very small. These
results demonstrate that the performance of FRRC is
extremely close to that of RRC.

Accordingly, the experiment results are summarized as
follows:

RRC and FRRC can realize online ¢2-regularized policy

evaluation problems, and keep the identical regularization
effect throughout the whole learning process.

The error between FRRC and RRC can be negligible.
Therefore, with less complexity, FRRC is a more practical
algorithm.

6 CONCLUSION

In this paper, the RBF-based VFA provided a structural
model for analysis and derivation, and ¢2-regularized

policy evaluation algorithm (RRC) and its fast online
counterpart FRRC were proposed to apply in reinforcement
learning problem. Both of them can sustain regularization
effect throughout learning. The future work contains
extending these algorithms with eligibility traces, and
generating in off-policy learning problems. Further, other
VFA structure can be studied to improve the performance
the RBF-VFA used.
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