
  

1 INTRODUCTION 
Since iterative learning control (ILC) was proposed by 
Arimoto in 1984 for a robot manipulator that repeats the 
same task in a finite time interval [1], it has been 
extensively studied and lots of ILC research results have 
been made in both theory and applications over the last 
three decades. The fundamental mechanism of the ILC is to 
utilize the proportional, integral and/or derivative tracking 
error(s) at the current iteration to compensate for its control 
input so as to iteratively construct the control input of the 
next iteration. The goal is that the constructed iterative 
control input enables to drive the system to track the desired 
trajectory as precisely as possible as the iteration index goes 
to infinity. In the field of the ILC convergence 
investigations, the techniques are time-domain mode, 2D 
mode and frequency-domain mode and so on. In time 
domain, there are several kinds of tracking error estimation 
methods, such as lambda-norm [2-4], sup norm [5], 
Lebesgue-p norm [6], etc. In the view of a rigorously 
mathematical point, Lebesgue-p norm may have more 
rigorous mathematical theory basis. For the frequency 
domain investigations, the techniques are ranging from 
Fourier series expansion to Laplace transform [7-9]. 
Currently, the most majority of the ILC works on the 
frequency domain convergence analysis considers 
continuous-time systems [10-13]. Literatures [14, 15] 
adopted Fourier series expansion and Parseval’s Energy 
Equality for analyzing the convergence of ILC for 
continuous systems in Frequency domain. With the 
advancement of high-quality digital computers, 
discrete-time techniques have been emerged in many fields, 
such as cybernetics, communication systems, digital signal 
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processing, stochastic time series analysis, discrete neural 
networks. It is no doubt that, with the continuous 
improvement of discrete-time systems theory, discrete-time 
technique will play an important role in control theory, 
applied mathematics, application analysis [16-20]. To some 
extent, as the discrete-time systems are essentially different 
from the time continuous systems, numerous 
continuous-time methods cannot be directly migrated to 
discrete-time system. From an engineering point of view, 
the frequency domain technique is sometimes preferable 
because it may exhibit the spectrum feature of a signal and 
may take advantage of its lower computation complexity in 
a multiplication form of the transfer functions [21-23]. This 
motivates the paper to investigate sufficiently and 
necessarily convergent assumptions in frequency domain 
for a proportional-derivative-derivative-type iterative 
learning control (PDD-type ILC) algorithm for a class of 
discrete linear time-invariant systems. The main idea is to 
express a discrete-time signal within finite numbers of 
sampling instants as a combination of a set of finite Fourier 
basis functions and deduce the convergence characteristics 
of PDD-type ILC by means of evaluating the tracking error 
in the form of discrete spectrum. 
The remaining of the paper is organized as follows. Section 
2 exhibits preliminaries including the well-known Dirichlet 
Theorem, properties of the Fourier coefficients and the 
discrete-time Parseval-type’s Energy Formula. Section 3 
derives the Fourier coefficients of the frequency-domain 
tracking errors. In Section 4, sufficiently and necessarily 
monotonous convergence of the proposed ILC algorithm is 
analyzed in frequency domain. Numerical Simulations are 
displayed in Section 5 and the last Section 6 concludes the 
paper. 
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2 PRELIMINARIES 

Dirichlet Theorem[24].  If a periodic function ( )g t , 
( , )t∈ −∞ +∞

 
with a period T  is piecewise monotone on 

the interval [0,T]
 
and is continuous except possibly for a 

finite number of discontinuous points of the first type, then 
the function ( )g t  can be decomposed as a Fourier series in 
a complex form as 
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In the summation (1), the terms sin( )tω  and cos( )tω  
produced by 1 1e ej t j tC Cω ω−

− +  are called fundamental 
sinusoidal and cosine waves, respectively, whilst the terms 
sin( )m tω  and cos( )m tω  produced by 

e ejm t jm t
m mC Cω ω−

− ++  for 2,3,m = ⋅⋅⋅ , are named as 
higher-frequency harmonic waves. In usual, the summation 
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=  is called as a Fourier series expansion of 

the function ( )g t . The above function ( )g t  is called as a 
Dirichlet-type function. 
In specific, for a real discrete-time sequence 
{ (0), (1), , (N)}g g g⋅ ⋅ ⋅ , it is reasonable to conjecture that 
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Denote the coefficients ( )G m  for 0,1, 2, , N 1m = ⋅ ⋅ ⋅ − as 
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Thus, the formulae (2) and (3) can be regarded as a 
discrete-time Fourier pair. 
Lemma 1.   
(Property 1) ( N) ( )g n g n± = , 1, 2, , (N 1)n = ± ± ⋅ ⋅ ⋅ ± − . 
(Property 2) 
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 (Property 5) Discrete-time Parseval-type’s Energy 
Formula 
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    In particular, it is found that in contrast to the 
continuous-time case, there are no convergence issues with 
the discrete-time Fourier series in general. The reason for 
this stems form the fact that any discrete-time periodic 
sequence ( )g n  is the sum with finite terms. 

3 PDD-TYPE ITERATIVE LEARNING 
CONTROL SCHEMES 

Considering a class of linear time-invariant SISO systems 
taking the form as 
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where, {0,1, 2, , N}= ⋅⋅ ⋅S  is an operation time interval, N 
is a positive integer the subscripts k  refers to the operation 
number and hereafter. ( ) p

k nx ∈ R , ( )k nu ∈ R  and 
( )k ny ∈R  denote respective p-dimensional state vector, 

scalar control input and output at the k -th iteration. A , B  
and C  are matrices with appropriate dimensions.  
A first-order proportional-derivative-derivative-type 
(PDD-type) ILC is given as follows: 
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learning gains, and 0  and 1  are the derivative learning 
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Analogously, the first-order PDD-type ILC law (5) leads to 
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Substituting (5a) into (6) reduces 
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Arranging (7), we get 
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Remark 1.  It is found from (8) that, for the first-order 
PDD-type ILC algorithm (5), the spectrum of the tracking 
error at the next iteration is expressed by not only the 
spectrum of the tracking error at the current iteration, but 
also the values of the initial and terminal states and tracking 
errors of the current iteration and the values of the initial 
and terminal states at the next iteration explicitly. Find that 
the transfer function ( )PDDG m  transmitting ( )kE m  to 

1 ( )kE m+  is dominated by the system state, input and output 
matrices as well as the proportional and derivative learning 
gains. This form is similar to the done in continuous 
systems as shown in literature [6].  

4 CONVERGENCE ANALYSIS 
Theorem 1.  Assume that the first-order PDD-type ILC (5) 
is applied to the linear time-invariant systems (4), and the 
matrices A , B  and C  along with the learning gain 
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Proof:  It is obvious that the equality (N) 0
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control strategies (5) is executable for a practical 
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What follows is the proof of sufficiency. 
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This completes the proof of sufficiency. 

2016 28th Chinese Control and Decision Conference (CCDC) 6845



Next is the proof of necessity.  

Assume that the inequality 
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m

E m E m E m
−

+→∞ →∞
=

≥ = . 

It is possible to select 1 ( )U m  and ( )dY m  such that 

1 0( ) 0E m > , which contradicts to the postulation (10). 

This completes the proof. 
Remark 2.  It is observed that the theorem demands the 
assumption that (0) 0

k
=  and (N) 0

k
=  hold. This is 

possible for the case when the system is stable with no 
steady-state error, specially, for batch industrial process. 
Theorem 1 can be understood as a sufficient and necessary 
condition for guaranteeing the strictly monotone 
convergence of the tracking error in terms of the energy. 

5 NUMERICAL SIMULATIONS 
To show the effectiveness of the learning control law (5) in 
discrete frequency domain, consider a discrete SISO linear 
time-invariant discrete system described as follows. 

[ ]

1

2

3

1

2

3

1

2

3

( 1) 1 0.002 0
( 1) 0 1 0.002
( 1) -0.0004 -0.0001 0.9992

( ) 0
( ) 0 ( ),
( ) 0.002

( )
( ) 0.0018 0.0272 0.0905 ( )

( )
.

x n
x n
x n

x n
x n u n
x n

x n
y n x n

x n

+

+ =

+

+

=

      (14) 

The operation time interval of system (14) is set as 
{0,1, 2, ,500}⋅ ⋅ ⋅ . The desired trajectory is chosen as 

6 2( ) 4 10 (1 0.002 )dy n n n−= × −  and the initial control 
input is chosen as 1( ) 1u n = , (0) 1ku = . As (0) 0kx = , it is 
obvious that (0) 0ke = . For the PDD-type ILC algorithm 

(5), choose 
1

0.35
−

= − , 
0

2599.5= −  and
1

2600= . 

It is computed that 
0,1, ,N 1

max ( ) 0.5294 1=PDD
m

G mρ
= ⋅⋅⋅ −

= < , 

which means the convergence condition 

0,1, ,N 1
max ( ) 1PDD
m

G mρ
= ⋅⋅⋅ −

= <
 
holds. 

Fig.1 displays the tracking outputs driven by the first-order 
PDD-type ILC algorithm (5) at the 2nd and 8th 
implementations. Fig.2 depicts the spectrums of the 
frequency-wise tracking errors in the discrete frequency 
domain. It is seen that the tracking error spectrum at each 
fixed frequency is monotonously decreasing in the iteration 
direction. The monotone convergence regarding to the 
spectrums of the tracking errors made by the PDD-type ILC 
law (5) is illustrated in Fig.3 and the monotonicity in terms 
of the average power of the tracking error is manifested in 
Fig.4, respectively. 
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Fig 1. Outputs at the 2nd and 8th iterations 
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Fig 2. Error energy in discrete time domain 
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Fig 3. Error Spectrums at the 2nd, 5th and 10th iterations 
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Fig 4. Error energy in discrete frequency domain 

 

6 CONCLUSION 
In this paper, the combination of Fourier basis functions is 
employed to express the discrete signal with finite sampling 
points. By deducing properties of discrete-time Fourier pair 
and the discrete-time Parseval’s Energy Formula, the 
discrete frequency-wise spectrums of the system dynamics 
and the proposed PDD-type ILC algorithm are derived for a 
class of discrete linear time-invariant systems. Then, the 
convergence of the PDD-type first-order ILC law is 
clarified. Finally, a group of simulations testify the 
effectiveness of the proposed learning strategy. However, 
as time delay, noise as well as system initial state drift are 
unavoidable in real applications, it is very inspiring to 
investigate these issues for future work. 

REFERENCES 
[1] S. Arimoto, S. Kawamura, F. Miyazaki. Bettering operation of robots 

by learning[J]. Journal of Robotic systems, 1984, 1(2): 123-140. 
[2] D. Andres, M. Pandit. Convergence and robustness of iterative 

learning control for strongly positive systems[J]. Asian Journal of 
Control, 2002, 4(1): 1-10. 

[3] Y. Chen, C. Wen, Z. Gong, M. Sun. An iterative learning controller 
with initial state learning[J]. Automatic Control, IEEE Transactions 
on, 1999, 44(2): 371-376. 

[4] M. Ari, T. Ishihara, H. Inooka. Iterative learning control using 
information database (ILCID)[J]. Journal of Intelligent and Robotic 
Systems, 1999, 25(1): 27-41. 

[5] K. H. Park, Z. Bien. A Study On Iterative Learning Control With 
Adjustment Of Learning Interval For Monotone Convergence In The 
Sense Of Sup�Norm[J]. Asian Journal of Control, 2002, 4(1): 
111-118.  

[6] X. Ruan, Z. Z. Bien, Q. Wang. Convergence Properties of Iterative 
Learning Control Processes in the Sense of the Lebesgue-P Norm[J]. 
Asian Journal of Control, 2012, 14(4): 1095-1107. 

[7] J. W. Lee, H. S. Lee, Z. Bien. Iterative learning control with feedback  

using Fourier series with application to robot trajectory tracking[J]. 
Robotica, 1993, 11(04): 291-298. 

[8] A. V. Oppenheim, A. S. Willsky, S. H. Nawab. Signals and 
systems[M]. Englewood Cliffs, NJ: Prentice-Hall, 1983.  

[9] S. Salivahanan, A. Vallavaraj, C. Gnanaapriya. Digital Signal 
Processing[M]. Tata McGraw-Hill, 2000.  

[10] M. Norrlöf, S. Gunnarsson. Time and frequency domain convergence 
properties in iterative learning control[J]. International Journal of 
Control, 2002, 75(14): 1114-1126. 

[11] K. Hsu. Stability and analysis of iterative learning system using 
frequency domain method[J]. International Journal of Computer 
Mathematics, 2005, 82(6): 643-658.  

[12] A. Tayebi. Analysis of two particular iterative learning control 
schemes in frequency and time domains[J]. Automatica, 2007, 43(9): 
1565-1572. 

[13] D. Huang, X. Li, J. X. Xu, C. Xu, W. He. Iterative learning control of 
inhomogeneous distributed parameter systems—frequency domain 
design and analysis[J]. Systems & Control Letters, 2014, 72: 22-29. 

[14] X. Ruan, Z. Li. Convergence characteristics of PD-type iterative 
learning control in discrete frequency domain[J]. Journal of Process 
Control, 2014, 24(12): 86-94. 

[15] X. Ruan, Z. Li, Z. Z. Bien. Discrete-frequency convergence of 
iterative learning control for linear time-invariant systems with 
higher-order relative degree[J]. International Journal of Automation 
and Computing, 2015, 12(3):281-288. 

[16] D. H. Hwang, Z. Bien, S. R. Oh. Iterative learning control method for 
discrete-time dynamic systems[C]//IEE Proceedings D (Control 
Theory and Applications). IET Digital Library, 1991, 138(2): 
139-144. 

[17] N. Amann, D. H. Owens, E. Rogers. Iterative learning control for 
discrete-time systems with exponential rate of convergence[J]. IEE 
Proceedings-Control Theory and Applications, 1996, 143(2): 
217-224. 

[18] M. Pandit, K. H. Buchheit. Optimizing iterative learning control of 
cyclic production processes with application to extruders[J]. Control 
Systems Technology, IEEE Transactions on, 1999, 7(3): 382-390. 

[19] J. Y. Choi, H. M. Do. A learning approach of wafer temperature 
control in a rapid thermal processing system[J]. Semiconductor 
Manufacturing, IEEE Transactions on, 2001, 14(1): 1-10. 

[20] G. M. Jeong, C. H. Choi. Iterative learning control for linear discrete 
time nonminimum phase systems[J]. Automatica, 2002, 38(2): 
287-291. 

[21] D. Wang, Y. Ye. Design and experiments of anticipatory learning 
control: Frequency-domain approach[J]. Mechatronics, IEEE/ASME 
Transactions on, 2005, 10(3): 305-313. 

[22] H. Li, Y. Chen, J. Zhang, X. W. A tuning algorithm of PD-type 
Iterative Learning Control[C]//Control and Decision Conference 
(CCDC), 2010 Chinese. IEEE, 2010: 1-6. 

[23] D. Meng, Y. Jia, J. Du, F. Yu. Frequency-domain approach to robust 
iterative learning controller design for uncertain time-delay 
systems[C]//Decision and Control, 2009 held jointly with the 2009 
28th Chinese Control Conference. CDC/CCC 2009. Proceedings of 
the 48th IEEE Conference on. IEEE, 2009: 4870-4875. 

[24] A. Pinkus. Fourier series and integral transforms[M]: Cambridge 
University Press, 1997. 

[25] A. V. Oppenheim, A. S. Willsky, S. H. Nawab. Signals and 
Systems[M]. Prentice Hall, 1997. 

2016 28th Chinese Control and Decision Conference (CCDC) 6847



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.7
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 6.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


