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Abstract: This paper deals with the problem of adaptive fuzzy output feedback tracking control for a class of switched

stochastic nonlinear lower-triangular systems without the measurements of the states. First, a reduced-order state observer

is introduced to estimate the unmeasurable states of the switched stochastic system. Then fuzzy logic systems (FLSs)

are employed to approximate the unknown nonlinearities and the adaptive backstepping technique is used to construct

an output feedback controller. The proposed controller guarantees that all the closed-loop signals are the semi-globally

uniformly ultimately boundedness (SGUUB), while the tracking error converges to a small neighborhood of the origin.
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1 INTRODUCTION

Over the past few decades, the problem of adaptive
backstepping-based tracking control of uncertain non-
switched nonlinear systems in lower-triangular form has
received increasing attention using intelligent control tech-
niques, such as FLSs or Neural Networks (NNs) to param-
eterize the unknown nonlinearities [1–3]. Correspondingly,
many novel adaptive fuzzy control design approaches have
been proposed for uncertain non-switched stochastic non-
linear systems in lower-triangular form. It should be noted
that the aforementioned control approaches all assume that
the states of the systems are available for measurement in
the control design. In many practical plants, however, state
variables are often rarely fully measured, which motivates
observer-based control schemes.

The last decade has also witnessed a considerable growth
of interest in switched systems [4–7]. The main reason for
the wide interest in the study on such systems is that nu-
merous real world models can be described as switched
systems, such as in power systems, computer-controlled
systems, transportation systems and control, communica-
tion networks and many other fields. As an important class
of switched systems, the study on switched stochastic non-
linear systems is of great significant and challenging. Just
recently, for a special class of switched stochastic nonlin-
ear systems, the global stabilization problem of switched
stochastic nonlinear systems in lower triangular form have
been investigated systematically by backstepping in [8].

This paper aims to solve the adaptive fuzzy output feedback
tracking control problem for a class of switched stochastic
nonlinear systems in lower-triangular form. In the control
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process, FLSs are first utilized to approximate the unknown
nonlinear functions, and a reduced-order state observer is
designed and thus via it the immeasurable states are ob-
tained. By adaptive backstepping technique, an adaptive
fuzzy output feedback controller is constructed.

2 PROBLEM FORMULATION

Consider the following switched stochastic nonlinear sys-
tems described by

dxi = (xi+1 + fσ(t),i(x̄i))dt+ gσ(t),i(y)dω,

dxn = (u+ fσ(t),n(x))dt+ gσ(t),n(y)dω,

y = x1, i = 1, 2, · · · , n− 1, (1)

where x̄i = (x1, x2, · · · , xi)
T ∈ Ri, i = 1, 2, · · · , n, x =

x̄n is the system state, u ∈ R is the plant input and
y ∈ R is the system output, x2, · · · , xn are unmeasur-
able. σ(t) : [0,∞) → S = {1, 2, · · · , s} is the switch-
ing signal. For ∀i = 1, 2, · · · , n, k = 1, 2, · · · , s, fk,i(·)
are unknown nonlinear smooth functions. Assume that
gk,i(y) = yϕk,i(y), and ϕk,i(y) are known smooth func-
tions satisfying local Lipschitz condition, i = 1, 2, · · · , n,
k = 1, 2, · · · , s. ω is a standard Wiener process satisfying
E{dω(t)} = 0.
The main objective of this paper is to design a fuzzy out-
put feedback tracking controller for systems (1) such that
the system output y(t) tracks a desired trajectory yd(t),
while ensuring that all closed-loop signals remain bounded
in probability.
Assumption 1. The desired trajectory yd(t) and its time
derivatives up to the n-th order are continuous and bound-
ed.
Assumption 2. For 2 ≤ i ≤ n and k ∈ S , there exist un-
known continuous functions fk,i1(y) such that |fk,i(x̄i)| ≤
fk,i1(y).
Lemma 1. For x ∈ R, y ∈ R, and p ≥ 1 is a constant, then

|x+ y|p ≤ 2p−1(xp + yp). (2)
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Remark 1. In this study, FLSs will be introduced to approx-
imate the unknown nonlinear system functions. The related
theory of FLSs can be found in [1–3, 9].

3 CONTROL DESIGN

3.1 Reduced-Order Observer Design
We consider the following reduced-order observer

˙̂xi = x̂i+1 + ki+1y − ki(x̂1 + k1y),

i = 1, · · · , n− 2,
˙̂xn−1 = u− kn−1(x̂1 + k1y), (3)

where x̂i, i = 1, · · · , n − 1, are the estimates of xi with
x̃i = xi − x̂i−1 − ki−1y, i = 2, · · · , n, ki, i = 1, · · · , n−
1 are constant design parameters to be determined, then
combining (1) with (3), we can obtain the observer errors
x̃ = (x̃2, · · · , x̃n), which satisfy

dx̃ = (Ax̃+ F )dt+Gdω, (4)

where

A =

⎡
⎢⎣

−k1
... In−2

−kn−1 0 · · · 0

⎤
⎥⎦ ,

F =

⎡
⎢⎣

fσ(t),2 − k1fσ(t),1
...

fσ(t),n − kn−1fσ(t),1

⎤
⎥⎦ ,

G =

⎡
⎢⎣

gσ(t),2 − k1gσ(t),1
...

gσ(t),n − kn−1gσ(t),1

⎤
⎥⎦ .

Furthermore, choosing appropriate positive constants
k1, · · · , kn−1 such that A is a Hurwitz matrix, hence there
exists a positive definite matrix P satisfying

ATP + PA = −I. (5)

Then the switched system can be rewritten as

dx̃ = (Ax̃+ F )dt+Gdω,

dy = (x̂1 + k1y + x̃2)dt+ fσ(t),1(x1)dt

+gσ(t),1(y)dω,

dx̂i = (x̂i+1 + ki+1y − ki(x̂1 + k1y))dt,

i = 1, · · · , n− 2,

dx̂n−1 = (u− kn−1(x̂1 + k1y))dt. (6)

3.2 Reduced-Order Observer Design
For system (6), the feasible virtual control signals and the
actual control law will be constructed via the backstepping-
based adaptive fuzzy output feedback control approach in
this subsection.
For system (6), we choose the following coordinate trans-
formation:

z1 = y − yd,

z2 = x̂1 − α1(y, yd, ẏd, θ̂),

zi+1 = x̂i − αi(y, ȳ
(i)
d , θ̂, ¯̂xi−1), (7)

where αi are the virtual control signals, and ȳ
(i)
d =

[yd, ẏd, · · · , y(i)d ], y
(i)
d being the ith order time derivative

of yd, i = 2, · · · , n− 1.
For any k ∈ S , it follows from (6) and (7) that

dz1 = (x̂1 + k1y + x̃2 + fk,1 − ẏd)dt+ gk,1dω,

dz2 = (x̂2 + k2y − k1(x̂1 + k1y)− ∂α1

∂y
(x̂1

+k1y + x̃2 + fk,1)− 1

2

∂2α1

∂y2
gk,1g

T
k,1

−
1∑

j=0

∂α1

∂y
(j)
d

y
(j+1)
d − ∂α1

∂θ̂

˙̂
θ)dt

−∂α1

∂y
gk,1dω,

dzi = (x̂i + kiy − ki−1(x̂1 + k1y)− ∂αi−1

∂y
(x̂1

+k1y + x̃2 + fk,1)− 1

2

∂2αi−1

∂y2
gk,1g

T
k,1

−
i−1∑
j=0

∂α1

∂y
(j)
d

y
(j+1)
d − ∂αi−1

∂θ̂

˙̂
θ

−
i−2∑
j=1

∂αi−1

∂x̂j

˙̂xj)dt− ∂αi−1

∂y
gk,1dω,

dzn = (u− kn−1(x̂1 + k1y)

−∂αn−1

∂y
(x̂1 + k1y + x̃2 + fk,1)

−1

2

∂2αn−1

∂y2
gk,1g

T
k,1 −

n−1∑
j=0

∂αn−1

∂y
(j)
d

y
(j+1)
d

−∂αn−1

∂θ̂

˙̂
θ −

n−2∑
j=1

∂αn−1

∂x̂j

˙̂xj)dt

−∂αn−1

∂y
gk,1dω. (8)

We choose the following Lyapunov-Krasovskii functional
for system (6)

V = V1 + V2

with

V1 =
b

2
(x̃TPx̃)2, V2 =

n∑
i=1

1

4
z4i , (9)

where the matrix P satisfies inequality (5).
Firstly, we consider the time derivative of the Lyapunov
function candidate V1, and we can have

V̇1 = −bx̃TPx̃|x̃|2 + 2b(x̃TPx̃)(x̃TPF )

+bTr{GT (2Px̃x̃TP + x̃TPx̃P )G}. (10)

Then, according to Assumption 2, Lemma 1 and Young’s
inequality, we have

2b(x̃TPx̃)(x̃TPF )

≤ 2bλmax(P )‖P‖N |x̃|3|F |
≤ 3

2
bλmax(P )‖P‖Nc

4
3
1 |x̃|4
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+
4b(n− 1)λmax(P )‖P‖N

c41

·
n∑

i=2

(|fk,i(x̄i)|4 + k4i−1|fk,1(x1)|4)

≤ 3

2
bλmax(P )‖P‖Nc

4
3
1 |x̃|4

+
4b(n− 1)λmax(P )‖P‖N

c41

·
n∑

i=2

(f4
k,i1(y) + k4i−1f

4
k,1(y))

= A1c
4
3
1 |x̃|4 +

8(n− 1)A1

3c41

·
n∑

i=2

(f4
k,i1(y) + k4i−1f

4
k,1(y)),

bT r{GT (2Px̃x̃TP + x̃TPx̃P )G}
≤ 2b‖GTPx̃‖2F + bλ2

max(P )|x̃|2‖G‖2F
≤ (2b‖P‖2N + bλ2

max(P ))|x̃|2‖G‖2F
≤ (2b‖P‖2N + bλ2

max(P ))(|x̃|4 + 1

4
‖G‖4F )

≤ (2b‖P‖2N + bλ2
max(P ))|x̃|4

+
(2b‖P‖2N + 2bλ2

max(P ))(n− 1)

4

·
n∑

i=2

(|gk,i|4 + k4i−1|gk,1|4)

≤ (2b‖P‖2N + bλ2
max(P ))|x̃|4

+
(2b‖P‖2N + 2bλ2

max(P ))(n− 1)

4

·
n∑

i=2

y4(ϕ4
k,i + k4i−1ϕ

4
k,1)

= A2|x̃|4 + (n− 1)A2

4

·
n∑

i=2

y4(ϕ4
k,i + k4i−1ϕ

4
k,1), (11)

where A1 = 3
2bλmax(P )‖P‖N , A2 = 2b‖P‖2N +

bλ2
max(P ), c1 is a positive parameter.

Taking (11) into account, (10) can be written as

V̇1 ≤ −(bλmin(P )−A1c
4
3
1 −A2)|x̃|4

+
8(n− 1)A1

3c41

n∑
i=2

(f4
k,i1 + k4i−1f

4
k,1)

+
(n− 1)A2

4

n∑
i=2

y4(ϕ4
k,i + k4i−1ϕ

4
k,1). (12)

Next, we will consider the Lyapunov function V2 step by
step. Make V2 =

∑n
i=1 V2i, V2i =

1
4z

4
i .

Under tha action of Itô differentiation rule and (8), we ob-
tain

LV21 = z31(z2 + α1 + k1y + x̃2 + fk,1 − ẏd)

+
3

2
z21gk,1g

T
k,1. (13)

From Young’s inequality and the definition of x̃, we have

z31z2 ≤ 3

4
z41 +

1

4
z42 ,

z31 x̃2 ≤ 3

4
ε

4
3
1 z

4
1 +

1

4ε41
x̃4
2 ≤ 3

4
ε

4
3
1 z

4
1 +

1

4ε41
|x̃|4,

z31fk,1(x1) ≤ 3

4
l
4
3
1 z

4
1 +

1

4l41
f4
k,1(y),

3

2
z21gk,1g

T
k,1 ≤ 3

4c2
z41 +

3c2
4

y4ϕ4
k,1. (14)

Then substituting (14) into (13) yield that

LV21 ≤ z31(α1 +
3

4
z1 + k1y +

3

4
ε

4
3
1 z1 +

3

4
l
4
3
1 z1

+
3

4c2
z1 − ẏd) +

1

4
z42 +

1

4ε41
|x̃|4

+
1

4l41
f4
k,1 +

3c2
4

y4ϕ4
k,1. (15)

Furthermore, according to (8) we can get

LV22 = z32(z3 + α2 + k2y − k1(x̂1 + k1y)

−∂α1

∂y
(x̂1 + k1y + x̃2 + fk,1)

−1

2

∂2α1

∂y2
gk,1g

T
k,1 −

1∑
j=0

∂α1

∂y
(j)
d

y
(j+1)
d

−∂α1

∂θ̂

˙̂
θ) +

3

2
z22(

∂α1

∂y
)2gk,1g

T
k,1. (16)

Then, similar to (14), one obtains

z32z3 ≤ 3

4
z42 +

1

4
z43 ,

−z32
∂α1

∂y
x̃2 ≤ 3

4
ε

4
3
2 (1 + (

∂α1

∂y
)2)

2
3 z42 +

1

4ε42
|x̃|4,

−z32
∂α1

∂y
fk,1(x1) ≤ 3

4
l
4
3
2 (1 + (

∂α1

∂y
)2)

2
3 z42

+
1

4l42
f4
k,1(y),

−1

2
z32

∂2α1

∂y2
gk,1g

T
k,1 ≤ 1

4κ2
(
∂2α1

∂y2
)2z62

+
κ2

4
y4ϕ4

k,1,

3

2
z22(

∂α1

∂y
)2gk,1g

T
k,1 ≤ 3

4c2
(
∂α1

∂y
)4z42

+
3c2
4

y4ϕ4
k,1. (17)

From (16) and (17), we get

LV22 ≤ z32(α2 +
3

4
z2 + k2y − k1(x̂1 + k1y)

−∂α1

∂y
(x̂1 + k1y) + (1 + (

∂α1

∂y
)2)

2
3

·z2(3
4
ε

4
3
2 +

3

4
l
4
3
2 ) +

1

4κ2
(
∂2α1

∂y2
)2z32

−
1∑

j=0

∂α1

∂y
(j)
d

y
(j+1)
d − ∂α1

∂θ̂

˙̂
θ

+
3

4c2
(
∂α1

∂y
)4z2) +

1

4
z43 +

1

4ε42
|x̃|4
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+
1

4l42
f4
k,1 +

3c2
4

y4ϕ4
k,1

= z32(α2 +Δ2) +
1

4
z43 +

1

4ε42
|x̃|4

+
1

4l42
f4
k,1 +

3c2
4

y4ϕ4
k,1, (18)

where

Δ2 =
3

4
z2 + k2y − k1(x̂1 + k1y)− ∂α1

∂y
(x̂1

+k1y) + (1 + (
∂α1

∂y
)2)

2
3 z2(

3

4
ε

4
3
2 +

3

4
l
4
3
2 )

+
1

4κ2
(
∂2α1

∂y2
)2z32 −

1∑
j=0

∂α1

∂y
(j)
d

y
(j+1)
d

−∂α1

∂θ̂

˙̂
θ +

3

4c2
(
∂α1

∂y
)4z2. (19)

Similarly, for i = 3, · · · , n− 1, V2i =
1
4z

4
i , we can infer

LV2i = z3i (zi+1 + αi + kiy − ki−1(x̂1 + k1y)

−∂αi−1

∂y
(x̂1 + k1y + x̃2 + fk,1)

−1

2

∂2αi−1

∂y2
gk,1g

T
k,1 −

i−1∑
j=0

∂αi−1

∂y
(j)
d

y
(j+1)
d

−∂αi−1

∂θ̂

˙̂
θ −

i−2∑
j=1

∂αi−1

∂x̂j

˙̂xj)

+
3

2
z2i (

∂αi−1

∂y
)2gk,1g

T
k,1, (20)

then, using a similar way in (17) yields that

z3i zi+1 ≤ 3

4
z4i +

1

4
z4i+1,

−z3i
∂αi−1

∂y
x̃2 ≤ 3

4
ε

4
3
i (1 + (

∂αi−1

∂y
)2)

2
3 z4i

+
1

4ε4i
|x̃|4,

−z3i
∂αi−1

∂y
fk,1(x1) ≤ 3

4
l
4
3
i (1 + (

∂αi−1

∂y
)2)

2
3 z4i

+
1

4l4i
f4
k,1(y),

−1

2
z3i

∂2αi−1

∂y2
gk,1g

T
k,1 ≤ 1

4κi
(
∂2αi−1

∂y2
)2z6i

+
κi

4
y4ϕ4

k,1,

3

2
z2i (

∂αi−1

∂y
)2)gk,1g

T
k,1 ≤ 3

4c2
(
∂αi−1

∂y
)4z4i

+
3c2
4

y4ϕ4
k,1. (21)

Further, we have

LV2i ≤ z3i (αi +Δi) +
1

4
z4i+1 +

1

4ε4i
|x̃|4

+
1

4l4i
f4
k,1 +

κi

4
y4ϕ4

k,1 +
3c2
4

y4ϕ4
k,1, (22)

where

Δi =
3

4
zi + kiy − ki−1(x̂1 + k1y)− ∂αi−1

∂y

·(x̂1 + k1y) + (1 + (
∂αi−1

∂y
)2)

2
3 zi(

3

4
ε

4
3
i

+
3

4
l
4
3
i ) +

1

4κi
(
∂2αi−1

∂y2
)2z3i − ∂αi−1

∂θ̂

˙̂
θ

−
i−1∑
j=0

∂αi−1

∂y
(j)
d

y
(j+1)
d −

i−2∑
j=1

∂αi−1

∂x̂j

˙̂xj

+
3

4c2
(
∂αi−1

∂y
)4zi. (23)

When i = n, differentiating V2n produces that

LV2n = z3n(gvτ v + d(v)− kn−1(x̂1 + k1y)

−∂αn−1

∂y
(x̂1 + k1y + x̃2 + fk,1)

−1

2

∂2αn−1

∂y2
gk,1g

T
k,1 −

n−1∑
j=0

∂αn−1

∂y
(j)
d

y
(j+1)
d

−
n−2∑
j=1

∂αn−1

∂x̂j

˙̂xj − ∂αn−1

∂θ̂

˙̂
θ)

+
3

2
z2n(

∂αn−1

∂y
)2gk,1g

T
k,1,

(24)

similar to the procedures as the former steps, we have

−z3n
∂αn−1

∂y
x̃2 ≤ 3

4
ε

4
3
n (1 + (

∂αn−1

∂y
)2)

2
3 z4n

+
1

4ε4n
|x̃|4,

−z3n
∂αn−1

∂y
fk,1(x1) ≤ 3

4
l
4
3
n (1 + (

∂αn−1

∂y
)2)

2
3 z4n

+
1

4l4n
f4
k,1(y),

−1

2
z3n

∂2αn−1

∂y2
gk,1g

T
k,1 ≤ 1

4κn
(
∂2αn−1

∂y2
)2z6n

+
κn

4
y4ϕ4

k,1,

3

2
z2n(

∂αn−1

∂y
)2gk,1g

T
k,1 ≤ 3

4c2
(
∂αn−1

∂y
)4z4n

+
3c2
4

y4ϕ4
k,1. (25)

Combining (24) with (25), we obtain

LV2n ≤ z3n(u+Δn) +
1

4ε4n
|x̃|4 + 1

4l4n
f4
k,1

+
κn

4
y4ϕ4

k,1 +
3c2
4

y4ϕ4
k,1,

(26)

where

Δn = −kn−1(x̂1 + k1y)− ∂αn−1

∂y
(x̂1 + k1y)

+(1 + (
∂αn−1

∂y
)2)

2
3 zn(

3

4
ε

4
3
n +

3

4
l
4
3
n )

6784 2016 28th Chinese Control and Decision Conference (CCDC)



+
1

4κn
(
∂2αn−1

∂y2
)2z3n − ∂αn−1

∂θ̂

˙̂
θ

−
n−1∑
j=0

∂αn−1

∂y
(j)
d

y
(j+1)
d −

n−2∑
j=1

∂αn−1

∂x̂j

˙̂xj

+
3

4c2
(
∂αn−1

∂y
)4zn. (27)

Therefore, we obtain

LV2 ≤ z31(α1 +
3

4
z1 + k1y +

3

4
ε

4
3
1 z1 +

3

4
l
4
3
1 z1

+
3

4c2
z1 − ẏd) + z32(α2 +

1

4
z2 +Δ2)

+

n−1∑
i=3

z3i (αi +
1

4
zi +Δi) + z3n(u

+
1

4
zn +Δn) +

n∑
i=1

1

4ε4i
|x̃|4

+
n∑

i=1

1

4l4i
f4
k,1 +

3nc2
4

y4ϕ4
k,1

+
n∑

i=2

κi

4
y4ϕ4

k,1. (28)

According to (12) and (28), we can get that

LV ≤ z31(α1 +
3

4
z1 + k1y +

3

4
ε

4
3
1 z1 +

3

4
l
4
3
1 z1

+
3

4c2
z1 − ẏd) + z32(α2 +

1

4
z2 +Δ2)

+
n−1∑
i=3

z3i (αi +
1

4
zi +Δi) + z3n(u

+
1

4
zn +Δn)− c0|x̃|4 +H(y), (29)

where

c0 = bλmin(P )−
n∑

i=1

1

4ε4i
−A1c

4
3
1 −A2, (30)

and

H(y) =
8(n− 1)A1

3c41

n∑
i=2

(f4
k,i1 + k4i−1f

4
k,1)

+
(n− 1)A2

4

n∑
i=2

y4(ϕ4
k,i + k4i−1ϕ

4
k,1)

+
n∑

i=1

1

4l4i
f4
k,1 +

3nc2
4

y4ϕ4
k,1

+
n∑

i=2

κi

4
y4ϕ4

k,1. (31)

To complete the design process, we define

f̄k(Z) =
3

4
z1 + k1y +

3

4
ε

4
3
1 z1 +

3

4
l
4
3
1 z1 +

3

4c2
z1

−ẏd +
16

z31
tanh2(

z1
ν
)H(y) (32)

with ν > 0 is a design parameter, Z = [y, yd, ẏd] ∈
ΣZ ⊂ R3, and ΣZ being some known compact set in

R3. The reason is the term H(y)
z3
1

is discontinuous at

z1 = 0, which means it cannot be approximated by
the FLSs directly. To compensate this term, a hyper-
bolic tangent function tanh( z1ν ) is introduced, since that

limz1→0
16
z3
1
tanh2( z1ν )H(y) exists.

Substituting (32) into (29), we have

LV ≤ z31(α1 + f̄k(Z)) + z32(α2 +
1

4
z2 +Δ2)

+
n−1∑
i=3

z3i (αi +
1

4
zi +Δi) + z3n(u

+
1

4
zn +Δn)− c0|x̃|4 + (1−

16 tanh2(
z1
ν
))H(y). (33)

By virtue of Lemma 2, FLSs WT
k Sk are utilized to approx-

imate f̄k(Z) such that f̄k(Z) can be expressed as

f̄k(Z) = WT
k Sk(Z) + δ(Z), |δ(Z)| ≤ ε, (34)

where δ(Z) is the approximation error and ε is a given pos-
itive design parameter, k ∈ S .
According to the triangular inequality, we can get

z31(W
T
k Sk(Z) + δ(Z)) ≤ ϑθ

2λ2
ST
k (Z)Sk(Z)z61

+
λ2

2ϑ
+

3

4
z41 +

ε4

4
,(35)

where θ = ‖Wmax‖2 is an unknown constant, ϑ and λ are
positive design parameters.
Taking (34) and (35) into account, (33) can be written as

LV ≤ z31(α1 +
3

4
z1 +

ϑθ

2λ2
ST
k (Z)Sk(Z)z31)

+z32(α2 +
1

4
z2 +Δ2) +

n−1∑
i=3

z3i (αi

+
1

4
zi +Δi) + z3n(u+

1

4
zn +Δn)

−c0|x̃|4 + λ2

2ϑ
+

ε4

4

+(1− 16 tanh2(
z1
ν
))H(y). (36)

According to (36), we construct the adaptive fuzzy output
feedback tracking control laws and the parameter adaptive
law as follows

α1 = −ξ1z1 − 3

4
z1 − ϑθ̂

2λ2
ST
k (Z)Sk(Z)z31 , (37)

α2 = −ξ2z2 − 1

4
z2 −Δ2, (38)

αi = −ξizi − 1

4
zi −Δi, i = 3, · · · , n− 1, (39)

u = −(ξnzn + zn +Δn), (40)

˙̂
θ = ϑST

k (Z)Sk(Z)z61 − ρθ̂, (41)
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where ξj , ϑ and ρ are positive design parameters. θ̂ is the
estimation of θ = ‖Wmax‖2 with ‖Wmax‖2 ≥ ‖Wk‖2(k =
1, 2, · · · , s).
Based on (54), we can get the following inequalities

z3ngvτ v ≤ −ξnz
4
n − z4n −Δnz

3
n, (42)

z3nd(v) ≤
3

4
z4n +

1

4
D4. (43)

Finally, taking (37)-(53) and the above inequalities into ac-
count, we can get

LV ≤ −
n∑

j=1

ξjz
4
j +

ϑθ̃

2λ2
ST
k (Z)Sk(Z)z61

−c0|x̃|4 + λ2

2ϑ
+

ε4

4
+

1

4
D4

+(1− 16 tanh2(
z1
ν
))H(y). (44)

Consider a stochastic Lyapunov function candidate as

V ∗ = V +
1

4λ2
θ̃2, (45)

where θ̃ = θ − θ̂ is the estimation error.
Then, the following inequality can be obtained

LV ∗ ≤ −
n∑

j=1

ξjz
4
j +

ρ

2λ2
θ̃θ̂ − c0|x̃|4

+
λ2

2ϑ
+

ε4

4
+

1

4
D4

+(1− 16 tanh2(
z1
ν
))H(y), (46)

where parameters b, c1 and εi, i = 1, · · · , n, are chosen

appropriately such that bλmin(P ) − ∑n
i=1

1
4ε4i

− A1c
4
3
1 −

A2 ≥ c0 > 0.
For the term θ̃θ̂, we have

θ̃θ̂ ≤ −1

2
θ̃2 +

1

2
θ2. (47)

Substituting (47) into (46), we can obtain

LV ∗ ≤ −
n∑

j=1

ξjz
4
j − ρ

4λ2
θ̃2 − c0|x̃|4 + b0

+(1− 16 tanh2(
z1
ν
))H(y), (48)

where b0 = λ2

2ϑ + ε4

4 + 1
4D

4 + ρ
4λ2 θ

2.
Theorem 1. Under Assumptions 1-3, consider the closed-
loop system consisting of the plant (1), the reduced-order
state observer (3), the controllers (37)-(40) and the adap-
tive law (41). Suppose that for 1 ≤ i ≤ n, k ∈ S , all
the unknown nonlinear functions can be approximated by
FLS in the sense that the approximation error ε is bound-
ed in probability. Then, with the bounded initial condition
θ̂(0) ≥ 0, the following properties are guaranteed under
arbitrary switchings.
(i) All the signals of the closed-loop system are bounded in
probability.

(ii) The error signal ϕ(t), in the mean square sense, belong
to the following compact set Ω defined by

Ω := {ϕ ∈ R2n|Φ ≤ Φ̃} (49)

and eventually converge to the neighborhood of the origin
Ω1 defined by

Ω1 := {ϕ ∈ R2n|Φ ≤ Φ̃1}, (50)

where ϕ = (z1, · · · , zn, x̃2, · · · , x̃n)
T ,Φ =

1
tE{∫ t

0
|ϕ(τ)|4dτ}.

Proof: The proof is omitted here since it is very similar to
the one in [9].

4 CONCLUSIONS

In this paper, the problem of adaptive fuzzy output feed-
back tracking control is addressed for a class of switched
stochastic nonlinear lower-triangular systems in the pres-
ence of input saturation under arbitrary switchings. Based
on a well-designed reduced-order state observer and an
appropriate stochastic Lyapunov function, we employed
FLSs combined with the backstepping technique to con-
struct an adaptive fuzzy output feedback controller.
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