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Abstract: This paper deals with the problem of adaptive fuzzy output feedback tracking control for a class of switched
stochastic nonlinear lower-triangular systems without the measurements of the states. First, a reduced-order state observer
is introduced to estimate the unmeasurable states of the switched stochastic system. Then fuzzy logic systems (FLSs)
are employed to approximate the unknown nonlinearities and the adaptive backstepping technique is used to construct
an output feedback controller. The proposed controller guarantees that all the closed-loop signals are the semi-globally
uniformly ultimately boundedness (SGUUB), while the tracking error converges to a small neighborhood of the origin.
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1 INTRODUCTION

Over the past few decades, the problem of adaptive
backstepping-based tracking control of uncertain non-
switched nonlinear systems in lower-triangular form has
received increasing attention using intelligent control tech-
niques, such as FLSs or Neural Networks (NNs) to param-
eterize the unknown nonlinearities [1-3]. Correspondingly,
many novel adaptive fuzzy control design approaches have
been proposed for uncertain non-switched stochastic non-
linear systems in lower-triangular form. It should be noted
that the aforementioned control approaches all assume that
the states of the systems are available for measurement in
the control design. In many practical plants, however, state
variables are often rarely fully measured, which motivates
observer-based control schemes.

The last decade has also witnessed a considerable growth
of interest in switched systems [4—7]. The main reason for
the wide interest in the study on such systems is that nu-
merous real world models can be described as switched
systems, such as in power systems, computer-controlled
systems, transportation systems and control, communica-
tion networks and many other fields. As an important class
of switched systems, the study on switched stochastic non-
linear systems is of great significant and challenging. Just
recently, for a special class of switched stochastic nonlin-
ear systems, the global stabilization problem of switched
stochastic nonlinear systems in lower triangular form have
been investigated systematically by backstepping in [8].
This paper aims to solve the adaptive fuzzy output feedback
tracking control problem for a class of switched stochastic
nonlinear systems in lower-triangular form. In the control
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process, FLSs are first utilized to approximate the unknown
nonlinear functions, and a reduced-order state observer is
designed and thus via it the immeasurable states are ob-
tained. By adaptive backstepping technique, an adaptive
fuzzy output feedback controller is constructed.

2 PROBLEM FORMULATION

Consider the following switched stochastic nonlinear sys-
tems described by

dz; = (Tiv1 + fo1),i(i)dt + go(r),i(y)dw,
dry, = (U + fo)n(2))dt + go(r)n(y)dw,
y:.fl,i:172,"',n_1, (1)

where Z; = (21,72, -- ,2;)T € R\i=1,2,--- ,n,x =
Zp 1s the system state, v € R is the plant input and
y € R is the system output, x3,--- ,x, are unmeasur-
able. o(t) : [0,00) — S = {1,2,---,s} is the switch-
ing signal. ForVi = 1,2,--- ;n, k = 1,2,---,s, fr(*)
are unknown nonlinear smooth functions. Assume that
9k,i(y) = ypr.i(y), and ¢ ;(y) are known smooth func-

tions satisfying local Lipschitz condition, ¢ = 1,2,--- | n,
k=1,2,--- s. wis astandard Wiener process satisfying
E{dw(t)} =0.

The main objective of this paper is to design a fuzzy out-
put feedback tracking controller for systems (1) such that
the system output y(t) tracks a desired trajectory yq(t),
while ensuring that all closed-loop signals remain bounded
in probability.

Assumption 1. The desired trajectory y4(t) and its time
derivatives up to the n-th order are continuous and bound-
ed.

Assumption 2. For2 < i < nand k € S, there exist un-
known continuous functions f, ;1 (y) such that | fy, ;(Z;)| <
Tri1(y)-

Lemma l. Forxz € R,y € R, and p > 11is a constant, then
o+ ylP <277 (2P + yP). 2)
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Remark 1. In this study, FLSs will be introduced to approx-
imate the unknown nonlinear system functions. The related
theory of FLSs can be found in [1-3,9].

3 CONTROL DESIGN
3.1 Reduced-Order Observer Design

We consider the following reduced-order observer
T = i1 + kip1y — k(@1 + kay),
i=1,--
o1 = u = kno1 (&1 + k1), 3)

7n_27

where Z;,7 = 1,--- ,n — 1, are the estimates of x; with
'fi :mi_i'ifl _ki71y7i:27"' ,’I’L,]{fi,i: ]-7 y TV —
1 are constant design parameters to be determined, then
combining (1) with (3), we can obtain the observer errors

Z = (%9, -, Ty), which satisfy
dz = (AZ + F)dt + Gdw, (@)
where
—ky
A= I, o ?
k1 0 o0
[ fowy2 — krfowa |
F = : ,
_f(r(t),n - kn—lf(r(t),l_
[ 9ot).2 — k19001 |
G = :
L9o(t),;n — kn—lgo(t),l_
Furthermore, choosing appropriate positive constants
ki,-+ ,kp_1 such that A is a Hurwitz matrix, hence there

exists a positive definite matrix P satisfying
ATP+ PA=—1I. 3)
Then the switched system can be rewritten as

di = (AZ + F)dt + Gdw,

dy = (21 + k1y + T2)dt + fo),1(z1)dt
9o ()1 (y)dw,

di; = (Zigy1 + kiy — k(21 + kry))dt,

i=1,.n—2,

din—1 = (u—kn_1(Z1 + k1y))dt. (6)

3.2 Reduced-Order Observer Design

For system (6), the feasible virtual control signals and the
actual control law will be constructed via the backstepping-
based adaptive fuzzy output feedback control approach in
this subsection.

For system (6), we choose the following coordinate trans-
formation:

21 =Y — Yd,
Z22 = jjl - al(yaydaydae)a
Zit1 = & — oy, Z?EZ% 0,7 1), @)

where «; are the virtual control signals, and y(z) =

[V, Va, - - ,yc(m () being the ith order time derivative

ofyg, et =2,---,n—1.
Forany k € S, it follows from (6) and (7) that

dzy = (Z1 + kiy + T2 + fi1 — Ya)dt + gr,1dw,

R R day , .
dzy = (Zg + koy — k1(21 + kry) — 87;(961
- 1 0%
+k1y + T2 + fr1) — §W;gk,191€1

1

Z Y+ _ g
=0 o0
0
*%gk 1dw,
. . Oa—1
dZZ = (xl =+ kzy — ki_l(ml + kly) — C;y 1 (1‘1
~ 1 820@,
+ky + &2+ fr1) — 2 oy — 5k, 19k1
_Zi Oon Gy _ Oaicag
=0y (J) 90
72 30@ 14 aaiilgkldw
oy "
dz, = (u — kn 1(:101 + k1y)
8an
3y 1(1:1+k1y+x2+f;€1)
1 82(1”_1 T ! 6an_1 (5+1)
5 a2 9k19k1 — Z S~ Yq
2 oy =0 39,51])
Oap—1 2 Oap—1
— —0 — ——&;)dt
06 JZ;: oi;
O,
~ 5y “ g 1duw. ®)

We choose the following Lyapunov-Krasovskii functional
for system (6)

V=V4+V
with

©

»-lkﬁ—‘

Vi = ;’(~TPx z_:

where the matrix P satisfies inequality (5).
Firstly, we consider the time derivative of the Lyapunov
function candidate V7, and we can have

Vi = —bi" P#|7|? + 2b(3" P7) (27 PF)
+0Tr{GT (2Pz3" P + 3T P#P)G}. (10)

Then, according to Assumption 2, Lemma 1 and Young’s
inequality, we have

20(z" Pz) (2T PF)
S 2b}‘max(P)||P”N|i‘|3|F|

3 E—
< SPAmax(P) [Pl net 2]
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L 45 = DAinax (P) | Pl

1
Cy

n

Z ‘flcz

=2
4
< 7b)‘maX(P)||P”Ncls|$|4

4451 = DAinax (P) | Pllv

1
G

: Z(fl?u(y) + k?—1f13,1(y))

=2

31514
— Archlait+

DItk e (@)

N W

8(7’L - 1)A1
3ct

‘Z(fliz‘l( )+ ki1 fia (),

1=2
vIr{G* 2Pz P + ' PiP)G}
< 2b)|GT PE||F + bA%,. (P) | G|%
< (2b]| PR 4 bAZ o (P)) |2 HGHF

< (2b]| P13 + bAZ . (P))(J2[* + *IIGH%)

< (2b]| P} + bAbax(P)) 2]
+(QbHPHN + 20034k (P)) (n — 1)
4
> lgral* + kL
=2
< (2b]| P} + bAax(P)) 2]
. (2b]| P % + 200305 (P))(n — 1)

1‘9k,1‘4)

4
Z Y + ko)
=2
—1)A
:A2\5‘4+%

D vtk Rk, A
=2

where A1 = 3bAnax(P)||P|ln, 42 =
bA2,..(P), c1 is a positive parameter.

Taking (11) into account, (10) can be written as

20 PIIR +

Vi < f(b)\min( ) — Alcf — Ay)|z*

1A
34 12(fm1+k4 i)
1

+ (TL — ].)AQ

1 Z?fl(@%,i +k?7190i,1)'(12)

i=2
Next, we will consider the Lyapunov function V> step by
step. Make Vo = Y"1 | Vo, Va; = 7,2 .
Under tha action of Ito dlfferentlatlon rule and (8), we ob-
tain

LVoy = 23 (20 + a1 + kiy + T2 + o1 — Ua)

3
+5 21981001 (13)
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From Young’s inequality and the definition of Z, we have

4

3 3 32 4

221% 19k1 = dey 21 JFT Pk,1- (14)

Then substituting (14) into (13) yield that

3 3 4 3.4
LV < 23 (ay + 14 +hkiy+ etz + -l

4 4
3 S BRI
+T21 —Ya) + 172 + E\xl
3(32
4l4fk 1 1 ?4490%,1- (15)

Furthermore, according to (8) we can get

LVoy = 235(23 + ag + koy — k1 (&1 + k1y)
Ja
—87;(361 +kiy+ T2+ fi1)
1

18&1 8Ckl
) 829k19k1 Z

'=0

(J+1)

Oay

dag i, 3
— t3 %(87) 9k,191€1- (16)

o0
Then, similar to (14), one obtains
14

3,
72+ 3%

2523 <

1
+474f13,1(y)7
1 38 T 1 (92(11 2 6
228 gklgk1_4%(6y2)
+Zy 30217
(8041) 3 (8041)
z — )%z
272 dy gklgk1_4c dy

3c
+ v ek (17)

From (16) and (17), we get

3 .
LVay < 23 (cn + 172 Fhay = k(@1 + Fuy)

0 0 2
_ﬂ(g;l + Ekry) + (1 +( 5;1) )3
3 1 8 aq 3
(i o2+ oG
_Z a4y o
= — Oy (4) 90

3 Bal 4 4 ~14
402( ay ) 22)+ 423 + 46421|x|
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4fk1 + — 1Y Pra

1 1.
= ZQ(OZQ + AQ) + 123 + Q\x\‘l

1 4 302 4
+47421fk,1 + Y S@k 1 (18)
where
3 o
Ap = 12t hy— ki(21 + kiy) — 7;(151
6061 2 3 4
+hy) + 1+ (- oy )?)3 2 ( 16 ilz‘g’)
1 3 g, - y G+
arpl Z
—0 0
8041 N 3 80[1
O 19
0 +402(8y)z2 1
Similarly, fori = 3, -+ ,n — 1, Va; = 12!, we can infer

LV = 23 (zi41 + i + kiy — ki—1(21 + kry)
6&, 1

(T1+ ky + T2+ fr1)

1 82(1‘71 (90&‘,1 ]
— 5 Yk — Z — Y
j=0 8yd

32
21

Oay;
5y 1)2%,19,3,1, (20)

then, using a similar way in (17) yields that

3 4,1
3
2Rri < 2+ 22,

47" 4
- ﬁcg;;a < Ze?<1+<a“a"y”>2>%zf
+élf|‘*,

2 e < Sl (25

1 4
2 +@ k 1(221)7

—%z?aaal k1951 = 4%%(680;2_1)22?
+%y4@i 1

SO Pl < (P
+33y4so;i,1- @1

4

Further, we have

1 1 .
LVa; < 23 + A) + ZZ?H + @\l‘l“
3

1 K 3ca
+@f}?,1 + 41 yron + 79490%,17(22)
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where
01

Ai = —z; + kly - ki—l(il + kly) -

da = Do, 1
’Z a( )19(”1) Sl
=0 9y / 1 9z,

)z (23)

When ¢ = n, differentiating V5,, produces that

LVay = 23(gp. v+ d(v) — kp_1(21 + k19)
8an 1

Jy

(1 + b1y + T2 + fr1)

10%ay,—4 T 7530&171 (+1)
= 83/((;)

322

(24)

similar to the procedures as the former steps, we have

Oa 1 - 3 4 oo 1 2
—an—g, T2 S gen(L+ (=5 =) e
T a4
+4€%|$| )
8an_1 3.4 6Cln_1 2
295 o) < Stk (O
1
+@ 1?,1(y)7
1 382an,1 T 1 82047171 2 6
izn ayg 9k,19k,1 = dr ( 8y2 ) n
K
+ 4ny4gok 1
3 2 8an 1 3 80£n 1 4
2zn( ay ) Ik, 1gk1 = 40 ( ay ) Zn
3c:
+o v e (25)

Combining (24) with (25), we obtain

1 .
EVZnSZEL(UﬂLAn)‘FﬂWﬁ 4l4fk1
Rn

4 3co
+4Z/<Pk1+TZ/ SDkb

where

An = _kn—l(il + kly) -
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1 62an_1)23 aan_lé

+4nn( T
- Z aan 1 (J+1) o2 aanfl‘év
a (J) = &ﬁj J
3 8an,1 4
— . 2
402( dy )'en @7)

Therefore, we obtain

3 3 a 34
LVy < 2P (aq + A thy et pdat iy

4 41

3 1
+—21 — Ya) + 23 (a2 + =22 + A)
4e 2 4

+ Z 23 (e +

1
+Zzn + An) +

02
+Z l4fk1 4 i,l

zl+A) 23 (u

Ki
+ Z TV Pk (28)
According to (12) and (28), we can get that
3
2 k 2
17 + Ry + 1
—§a) + 23 (a2 +

3 4 3 4
LV < z7(aq + €tz + ilf 21

1
—2o + Ag)

L
! 4

4co
+sz’ o; + zl+A)+z(

1
+izn+An) —colZ|* + H(y), (29)

Ay} — Ay, (30)

and

H(y) = M Z(szl + k1 fin)

301 ps
(TL — ].)Ag n
+ 1 z; (@i,i + k?ﬂ‘ﬁ%ﬂ
i—

n
1 3ncs
+Z@fé,1+Ty4<Pi,1
i=1 ¢
— i 4 4
+Y Y Pk 31)
i=2

To complete the design process, we define

7 3 3 2 3.4 3
fx(Z2)= 1t kiy + Zele + leszl i o
16
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with v > 0 is a design parameter, Z = [y,yq4,V4] €
Y, C R3 and Xy being some known compact set in

R3. The reason is the term %
1

z1 = 0, which means it cannot be approximated by
the FLSs directly. To compensate this term, a hyper-
bolic tangent function tanh(2%) is introduced, since that
lim,, % tanh2(%)H(y) exists.
Substituting (32) into (29), we have

is discontinuous at

1
—29 + Ay)

LV < 22(oq + fru(2)) + 25 (o + 1

n—1
1
+ 23 23 (o + 14T Ay) + 23 (u

1
n + Bn) — o] + (1
16tanh2(%))H(y). (33)

By virtue of Lemma 2, FLSs WIS}, are utilized to approx-
imate f(Z) such that fx(Z) can be expressed as

fu(2)

where §(Z) is the approximation error and ¢ is a given pos-
itive design parameter, k € S.
According to the triangular inequality, we can get

=W{Sk(2)+6(2),16(2)| <&, (34)

) 90 )
Z (Wi Sk(Z2) +6(2)) < o2 —5 5k (Z)SK(2)2}
A3, &

125+ 2+ S 09)

where 0 = ||Wyax||? is an unknown constant, +J and )\ are
positive design parameters.
Taking (34) and (35) into account, (33) can be written as

90

S SE (28 2)3)

3
£V<zl(a1+ Z1+

n—1

1
—2z9 + AQ) + Z Z?(Oél

425 (o + 1
1=3

1 ( 1
+-zi+ D)+ 23 (u+ 17+ An)

4
a4 )\2 4
—col|Z] —0—%—%*

+(1 - 16 tanh?( 22 DH(). (36)
According to (36), we construct the adaptive fuzzy output
feedback tracking control laws and the parameter adaptive
law as follows

3
ar = —&121 — i 2)\2 Sk (2)Sk(2)z}, (37)
1
ay = —&a20 — 12 Ay, (38)
azzié-iziizziiAiai:?)v”'7”717 (39)
7(§nzn + zn + An); (40)
) = 0SE(2)Sk(2)25 — pb), 41)
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where £;,7 and p are positive design parameters. 6 is the
estimation of § = ||Wipnax||? With ||[Winax||? > [|[Wi||?(k =
1,2,--+,5).

Based on (54), we can get the following inequalities

23900 < —Enzih — zh — Dp2d (42)

Bd(w) < 52 4 @4 (43)

4 n

Finally, taking (37)-(53) and the above inequalities into ac-
count, we can get

LV <= &2+ w Sk (2)SK(Z)2}
j=1

)\2 4
—coltl" + 55+ + ©4

20
+(1 - 16tanh2(;))H(y). (44)

Consider a stochastic Lyapunov function candidate as

* - p2
1% v+4>\29 (45)

where 6 = 0 — 0 is the estimation error.
Then, the following inequality can be obtained

LV* < Zgjzj +3 00 — colE[*
)\2 gt 4
o5t @
+(1— 16tanh2( DH(), (46)

where parameters b,c; and ¢;,¢ = 1,--- ,n, are chosen

appropriately such that bApin(P) — i) ﬁ — A ci% —
Ay >co>0. '
For the term 660, we have
~ A 1 1
00 < ——0% + —0*. 47
<507+ (47)
Substituting (47) into (46), we can obtain
n
* N2 ~14
LV* < fj;gjzj - W& — col|* + bo
2,71
+(1 — 16 tanh (;))H(y)7 (48)

where by = % + % + 1D + 502

Theorem 1. Under Assumptions 1-3, consider the closed-
loop system consisting of the plant (1), the reduced-order
state observer (3), the controllers (37)-(40) and the adap-
tive law (41). Suppose that for 1 < i < n,k € S, all
the unknown nonlinear functions can be approximated by
FLS in the sense that the approximation error ¢ is bound-
ed in probability. Then, with the bounded initial condition
6(0) > 0, the following properties are guaranteed under
arbitrary switchings.

(i) All the signals of the closed-loop system are bounded in
probability.

(ii) The error signal o(t), in the mean square sense, belong
to the following compact set €2 defined by

Q:={p € R?"|® < 9} (49)

and eventually converge to the neighborhood of the origin
Q; defined by

Q1 :={p € R?"|® < &}, (50)

where ¢ = (21,7, Zn, 2,0+

t
TE{y lo(r)[*dr}.

Proof: The proof is omitted here since it is very similar to
the one in [9].

4 CONCLUSIONS

In this paper, the problem of adaptive fuzzy output feed-
back tracking control is addressed for a class of switched
stochastic nonlinear lower-triangular systems in the pres-
ence of input saturation under arbitrary switchings. Based
on a well-designed reduced-order state observer and an
appropriate stochastic Lyapunov function, we employed
FLSs combined with the backstepping technique to con-
struct an adaptive fuzzy output feedback controller.
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