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Output Tracking Combing Output Redefinition and Non-causal Stable Inversion
for Non-minimum Systems
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Abstract: A method to achieve precise output tracking for non-minimum systems by combining output redefinition with
non-causal stable inversion is presented. Firstly, output redefinition approach can make the system reach Stable Initial
State after a fixed time period. An optimal solution by a search algorithm to minimize the magnitude of the redefined
trajectory designed with exponential form is obtained. Then a precise output trajectory tracking is achieved via stable
inversion. In contrast with conventional stable inversion, the new method can reduce the pre-actuation time. The
simulation of the proposed method for a tip trajectory tracking of a one-link flexible manipulator shows that the system
state can be transferred accurately to Stable Initial State with no vibrating output over the transition process.
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1 INTRODUCTION

Output tracking for non-minimum systems draws many
scholars’s attentions all the time [1]. Chen and Devasia
applied stable inversion method to this problem first [2][3].
Bayo solved the inversed dynamical equations in frequency
domain [4], however it was time consuming. A stable
inversion approach was put forward in time domain in [5].
All mentioned stable inversion situations require the
information of the whole trajectory, which means the
calculation is off-line. Zou came up with a preview-based
stable inversion to track the output trajectory, making
online calculation possible [6]. Yet stable inversion
requires pre- and post- actuation process and the system is
limited to have no imaginary eigenvalues [7].

A causal inversion via output redefinition can be seen in
[8]. It can cancel the effect of the unstable zeros of the
system, dealing equally with hyperbolic systems and
non-hyperbolic systems and leading to causal control.
Thus, the systems can start from an arbitrary initial state.
An approximate causal inversion controller is designed in
[9]. The causal inversion controller is a feed-forward
controller, combining with a optimal feedback controller to
achieve precise tracking. Compared with the stable
inversion methods, causal inversion doesn’t need
pre-actuation process. It is further studied to achieve
rest-rest output tracking in [10]. To get rid of the effect of
unstable zeros, the whole output trajectory is redefined with
exponential form. It is applicable in both hyperbolic and
non-hyperbolic systems, with no pre- or post-actuation
process being required.

From [11], we know the non-causality of stable inversion
lies at the Stable Initial State. The pre-actuation process can
make the system run to the Stable Initial State from time
negative infinity [12]. To have the state moved to an
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expected value in a finite time period, an optimal state
transition method is proposed [13]. It can be used to get the
Stable Initial State [14]. In this paper, a new method of
output redefinition together with non-causal stable
inversion to achieve precise output tracking for
non-minimum systems is proposed. We can obtain the
desired Stable Initial State after a fixed time period control
via output redefinition. Using a search algorithm, we get
the most optimal solution of the redefined output in a
family tracks. Then a precise output tracking is achieved
from the Stable Initial State through non-causal stable
inversion. Consequently, the magnitude of the redefined
trajectory is minimized. There are several different ways to
achieve the ideal Stable Initial State for the inversion
system. In contrast with the available techniques, the new
method can move the state to the desired value precisely at
a limited time. It is well designed with exponential form
accompanying quite small amplitude as we expected. No
oscillation circumstance can be found here. To verify the
effectiveness of this new approach, simulation results are
presented for a tip trajectory tracking of a one-link flexible
manipulator.

2  BASIC SYSTEM FRAMEWORK

For a linear non-minimum SISO system,

X(2) = Ax(¢) + Bu(?)

»(0) = Cx(¢) (1
Where xe R™', 4e R™, Be R™, CeR™, yis a

scalar. The relative degree of the system is r, in the trivial
case, it is assumed that » < n strictly [14].

Yy =CA'x+CA""Bu

From equation (2), we have @
u=(CA" "By (y" - CA"x) 3)

Substituting equation (3) into equation (1), consequently
x=Ax+By" (1) 4)
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Where 4 =A—B(CA""B)"'c4",

Thus we have the equivalent system
x=Ax+By" (1)
{ y==Cx

B=B(CA""B)".

(&)

a matrix 7] , making the coordinate
transformation,

Jorer] o
n n

Substituting equation (6) into (3),
u=(CA""B)"' (") —CA"x)

There exists

= (€48 ()~ CA'T; m)

(N
= (CA" D BY ! () ¢
= ( ' -0, 9] AP
=C,y"+C.5+Cp
Where
C,=(CA""B)",C, =—(CA""B)" 0,
_ (r=1) py-1
C,=—(CA"7"B)" Q,.
Defining the external state vector
. r— T
&=y yo 7] (8)
The original system can be written in the new coordinates
as
> |=rar Hwﬁy(” ©)
n n
Further we get the internal states equation
n=A4n+8,y" (10)
We name 77 as internal state vector,
ne R—rXI A)7 e RU—X=n) B2 QRum y(r) e R
B B ]7 2 .
And (10) can be further decomposed. For matrix 4, , there
exist invertible matrix V¥ , we make the linear
transformation
n=v {’7} (11)
771(
Then we get
m -7, {”‘}@y‘” (12
1, .

J, is a real Jordan form of A, , matrix J,, J, can be
divided into blocks as

T -1 AS O T -1 Bs
J, =V AWV= 0 A , Jy=V B,,= 3

where A, is a diagonal matrix with diagonal elements that
are the eigenvalues of A, with negative real parts, and 4,

is a diagonal matrix with diagonal elements that are the
eigenvalues of A, with positive real parts. As a result, the

internal stable and unstable state differential equations can
be written as

1,(6) = A40,()+ By (1)
n,(0)=4n,O+B,y" (1)
Definition 1: Inverse system

Equation (10), together with equation (7) compose the
inverse system,

n(6)= 4,10+ B,y ()
u(t) =C,y" (1) + C:£(0)+ Cn(t)

In which the reference trajectory becomes the new input
and the original input «(¢) will become the new output.

(13)
(14)

(15)

Definition 2: The reference output trajectory

The reference output trajectory y,(¢) is defined on time
interval [7,7,]. Meanwhile the reference output trajectory
is required to be sufficiently smooth which means
ytyeL L, i=01,...r.

3 NON-CAUSAL STABLE INVERSION

3.1 Stable Inversion Process

To solve the inverse system (15), we let y=y,, £=¢,,

and é:d = [yd"-wyz(ir_l)]T

differential equations of the system, as equation (13) and
(14) shows, the following bounded dynamic can be
calculated.

. We have the internal state

! -7 r
na(0)=[ "By (0)dz

N.q(1)= _J-,w e B YD (v)dt (17)

It can be easily integrated of the stable part in forward time
and the unstable part in backward time. Then we get 77, ,

_ | Tha
i _V{mj (18)

Because &, is already known, from equation (7), we have

(16)

Remark 1 The non-causal stable inversion can be regar%e%
as the only precise technique for output tracking of
non-minimum systems. Non-causality means the system
doesn’t start from the actual initial state, but a desired initial
value existing in the unstable manifolds. We call the ideal
initial state of the system Stable Initial State [11].

3.2 Stable Initial State
The desired Stable Initial State can be obtained as

_ el 0r><l _ 77;d (tO)
S IR R ot e

With equation (17), we get the desired initial value of
unstable state

N4 (ty) = _Ln e_A”(T_I")BI,yy)(T)dT 21)
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To assure the tracking accuracy, x(¢) must equal to the
desired state x,(7) for all #(r>1¢,), then 7,(¢)=1n,,(t)

must be fulfilled. It can be proved that the initial condition
n,(t,)=n,(t,) in stable inversion cases is only need to be

considered. The proof is presented as follows.
From (15),

7,0 =1,()e* ™ +[ "By (1)dr

22
— oM (e_A”t" n, (to) + J-; ew”%)’c‘,’) (7)dr) (22)

Supposing the internal unstable state reach its desired initial
value,

n(t) == "¢ VB (0
Substituting equation (23) into (22), we get
n,() = (- [TtV YO (2)de
ty

(23)

+.[: e "By (1)dr)

=M ([_e B,y (2)d)
==[ e B Y (e
=1,4(0)
As to stable inner state
Na(t)=[" "By (D) 25)
According to definition 3, we know y, =0, resulting

Yy =0 for re [%,2,], thus 77,(#,) = 0. Then

24

n, (t) =, (lo )eA‘r + _[, eAA (/4)Buy§r) (T)dz'

= [ At-Dp 0
=], e" By (0 26)

=] "By @z
=1,,(0)

Remark 2 For any time 7> ¢, once the internal unstable

initial state value is precisely achieved, the Stable Initial
State can be reached. Consequently the precise output
tracking can be realized. The output tracking error depends
on the error between the actual state value and Stable Initial
State at 7.

4 METHODS TO OBTAIN SATBLE INITIAL
STATE
4.1 Output redefinition method

The main idea of output redefinition method is based on
redefining a new trajectory with functions so that a
bounded continuous input signal can be obtained, while
canceling the effect of unstable zeros at the same time. As a
result, the initial state of the system can be converted to
Stable Initial State. We re-define the output functions over
telt,t,],
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~ c em,t = _ : mzc em,l
Fi=2¢ ,yd—Z i€
J=l

J=1

@7

é:d = [jd:---,);((zr_l)]r (28)
Substituting y,, fd into the system. Suppose the system
r=2, n=4. The equation (13), (14) can be rewritten as

Ny = a1y +bsjjd (a, <0) (29)

M =M+ bujjd (a,>0) (30)
where # is the number of the exponential function term

determined by the restriction conditions set in desired states
and output trajectory. Constant m; is chosen in advance

with a search algorithm to find the most optimistic value. At
last, ¢, is only needed to be considered.

Firstly, we introduce the search algorithm to find the
optimal constant m , . Regarding m, and m, as the

variables, according to equation (31), all the constants m,,

(j=1..r) are variables relative to m_, and m_ , and
m . <m_ <0.
— (mmin — mmax ) . .
m./ _mmax+W(]_l)7(]_l“'r) (31)

The optimum principle is to have the smallest tracking error

ty - 2
Yerr = _[, vy =3, dt (32)

And we set the reference output to get the Stable Initial
State y, =0, te[t,1,], then

Yerr = \’J.I’tu (j’d)zdt (33)

Then y,, isa cost function merely related to variable m_

and m The plane m_, and m_, is meshed at first.

min * ‘min

Then at each node the value of y, is calculated. Finally

m__ and m

‘max ‘min >

which give the minimal value for y, are
selected as the best pair. Then the corresponding m ; is

obtained.

Secondly, the process to solve the inverse system
employing the new redefined trajectory is listed as follows.
The solution of equation (29) is composed of the general
solution (77,), of the homogeneous differential equation

7, 4 =a], , and a particular solution (77,), of (29). Then

the general solution is 77, = (7,) ,+(7],),, , where

b b mic,
= =d agt = — s J o mt
(nsd)g s€ , (775,1),; ;ml —ase (34)
At last we have
b bmc,

> =dea‘/+ s g myt

N s ,Z::‘—emj —a, (35)
Similarly, to solve equation (30), 77, =(7,) ,+(7,), »
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n 2

ZMJJmI

-1 m

@, )g = (36)

because a, >0, to make sure 7j, is stable, condition
d, = 0 must be satisfied, then

h
Tha = Z . _j e 37)

u

The new trajectory has to satisfy the restriction conditions
originated from the system states and output trajectory

That means 7, A, . 3,5 V>
initial and final conditions at time ¢,,

jN}d should satisfy the
t,. To be mentioned
particularly, the bound conditions at time #, must be the
Stable Initial State, meaning

ﬁu (to) =1 (to) , ﬁ,\' (to) =1 (to) (38)
The number of bound conditions is 7 =2n+2 .
To simplify the matrix equation as
ZC =B, (39)

where Z is a constant matrix, C is the vector to be solved,
B, is the bound value. Once we get C, from (27) we can

get y, ,j~}d , further from (35) and (37), we have 7, 7.,
then 7j, , X, . At last, the output of the inverse system

=(CA" B3V —CA'%,)

= ny;r) + Cfgd + Cﬂﬁd (40)

4.2 The pre-actuation method

If the pre-actuation process works from time negative
infinity, the Stable Initial state can be obtained precisely.
Apparently this is not practical in actual situation [12].

The inner unstable state error 67, (¢,) converges to zero as
time decrease to negative infinity
lim e *“™"6n, (1,)=0

o (41)

In practical situation, the system starts from a finite moment
t,,t,€[-oo,1], resulting the state error

577u (tp ) = e_A”(tU_tp)aﬂu (t()) (42)

Remark 3 Pre-actuation method is an approximate method
to reach Stable Initial State during a finite time interval.
4.3 The optimal state to state transition (OST)

The optimal state to state transition method can transit an
original state to the desired one in a finite time. But the
output amplitude can’t be optimal. In this way, the Stable
Initial State can be achieved from the actual starting state.
At a bounded time interval, we can find the input »_, and

system state x_, to transfer the system state from one state

x(#,) at time ¢ to another state x(#,) at time f,(¢t, =¢,),
assuring the control input energy is the smallest. The

process is named as the optimal state to state transition. The
input design formula is presented as

M(t) R IBT A" (1, I)G(t t)[ ( ) eA(Iz”l)x(tl)] (43)

R is an arbitrary positive definite symmetric real matrix.

A and B are given system parameters. G, ., is

controllable and invertible and named as grammian matrix.

J‘Z A(/Z T)BR BT A" (1, T)d‘[

Gy (44)

We use OST method to achieve precise state transition from
1,(,) to 1,(1,) .

5 SIMULATION RESULTS

A linearized one-link flexible manipulator model is used
for our simulation [15].The end-effector angular position is
taken as the output for the system. The detailed systems
parameters are shown as follows.

{x(r) = Ax(¢)+ Bu(?)

y(1) = Cx(1)
where
0 0 1 0
oo 0 1
0 0.0857 -0.6857 0.0171 |’
0 -0.2743 1.7143 -0.0549
0
B= 0 ,C=[1 05 0 0], D=0.
68.5714
—171.4286
The desired output trajectory is defined as
0 te[0,5]
1= 00 e (5,13]
& 1= e p e (13,21]
0 te (21,26]

where 7, =0, 7,=5,1,=26.

The relative degree r =2, the transition matrix

1 05 0 O

0 0 1 05
T= ,

0 1 0 0

0 0 0 1

The system can be transformed to have the stable and
unstable differential equations as (29), (30). Then we can
get the constants as

=-0.4665,b, =11.2480 ,a, =0.5146 ,b, =—11.4639 .

> u

5.1 Output redefinition method to get the Stable Initial
State

The simulation result of the one-order search algorithm is
shown as Fig. 1. With different values of m_, and m_,
Fig.1 shows the error between the redefined output and the
reference output. Then, we can get the minimum error

under constant value m_, =0,m_, =—1.

The output is redefined on time region 7€ [0,5]. After the
redefinition process, the system achieves the Stable Initial
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State, X, =[0.3088 -0.6177 0.1589 -0.3178] . With

the Stable Initial State, the stable inversion can precisely
track the desired output during time 7€ [5,26] . The

simulation result can be shown as Fig. 2, Fig. 3.

Fig. 1. Error between redefined the output and the reference output versus
m,,, and m;,

Output trajectory (m)

Fig. 2. Output tracking combines with output redefinition and stable
inversion

0.015

0.005

Input (N.m)
)

-0.005

-0.01

-0.015
0

Fig. 3. The input signal of output redefinition and stable inversion process

5.2 Comparison with the pre-actuation technique

We have verified that the tracking accuracy is merely
related to the error between the actual initial state and the
Stable Initial State. The simulation result demonstrates a
big tracking error when the pre-actuation process time is
only 5s. Theoretically, the pre-actuation time should be
infinite. A tracking result contrast between the
pre-actuation method and output redefinition method can

2016 28th Chinese Control and Decision Conference (CCDC)

be seen as Fig 4. Both the two technique work during time
interval #€[0,5]. It is clear that the redefinition method

has a better tracking effect. Fig. 5 shows the tracking effect
when pre-actuation starts from time 7=-15s, a much
better tracking effect which further confirms the
pre-actuation process time should be as long as possible.

the redefined output
the preactuation output
the desired output

T T

0.8 A S 1

06— ——d - Lo -

output (deg)

7Sy T

0.2

T

|

0.2 L
o 5 10 15 20 25 30

Fig. 4. The output contrast between output redefinition and pre-actuation
method at whole time interval

actual output
desired output

Fig. 5. Pre-actuation tracking effect with time interval 20s

5.3 Comparison with the optimal state transition
technique

The optimal state to state transition works during time
period ¢€[0,5] , and a comparison between the

corresponding output and the redefined output can be seen
as Fig 6. While the whole output tracking effect contrast is
shown in Fig 7.

0.015

the redefined output
0.0t~ the OST output
T

output (deg)

-0.025
0 0.5 1 1.5 2 25

time (s)

Fig. 6. The output contrast between output redefinition and OST process at
time interval [0,5]
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As the simulation results demonstrate, during the same time
interval to obtain the Stable Initial State, the amplitude of
redefined output is always smaller than the one from OST.
Furthermore, there is no oscillated phenomenon found in
the redefined trajectory method.

the redefined output
the OST output
the desired output

08— — —d——— -k ———4

06— — — -4 —— -~

output (deg)

04 — — — 4 — — —

I
|
|
I
|
|
02— — -4 —— -1
|
|
[
|
|
1

|

|

0.2 L
0 5 10 15 20 25 30

Fig 7. The output contrast between output redefinition and OST method at
whole time interval

We can draw the conclusion from the simulation results that
during the same time period, the output redefinition method
has the most desired output amplitude as we hope. After the
redefinition process, the Stable Initial State can be precisely
obtained, resulting an accurate output tracking at the
following time.

6 CONCLUSIONS

A new method to achieve precise output tracking for
non-minimum systems by combining output redefinition
with non-causal stable inversion is presented. The main
idea amounts to redefine the output trajectory to Stable
Initial State. Then stable inversion method can realize
accurate output tracking. The output redefinition process
can transit the system to the desired state values from the
actual states at a limited time period. Besides, a search
algorithm to find the most optimal track with the least
amplitude is introduced here. Compared with the available
techniques, our approach can reduce the pre-actuation time
with quite minimal output amplitude. The simulation
results support our theory here.
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