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Abstract: In this paper, we expand the scope of research on distributed cooperative learning (DCL) via fuzzy logic

systems (FLSs) over an undirected and connected network, that is, each node (or learner) cooperatively learn an unknown

pattern (or function) and finally reach consensus through local information interaction with their one-hop neighbors.

Based on the approximation of FLSs, we present continuous-time and discrete-time DCL algorithms with respect to

the aforementioned problem. The optimal coefficient matrix of the FLS is trained by the two proposed algorithms,

respectively. And we use algebraic graph theory and Lyapunov approach to prove that the weight coefficient matrix in the

algorithms has an exponential convergence rate, respectively. Moreover, the algorithms reduce communication cost and

bandwidth compared with the centralized learning (CL) algorithms. Some simulation results illustrate the effectiveness

and advantages of the proposed algorithms.

Key Words: Distributed cooperative learning (DCL), consensus, fuzzy logic systems (FLSs), continuous-time, discrete-

time, Lyapunov approach, exponential convergence.

1 INTRODUCTION

Distributed in-network data processing based on the one-
hop communication of networks, such as wireless sensor
networks (WSNs), has attracted significant attention in re-
cent years. In this paper, we focus on the problem of dis-
tributed cooperative learning (DCL) via a fuzzy logic sys-
tem (FLS) over a network, which is undirected and con-
nected. Under the framework of supervised machine learn-
ing, we consider a network of spatially distributed sensors
over a geographic area, in which all nodes (or learners) co-
operatively learn an unknown pattern (or function) through
the approximation of an FLS. Meanwhile, we train the op-
timal coefficient matrix of the FLS with the proposed DCL
algorithms in order to minimize the global approximation
error function (the cost function) and make all the nodes
reach consensus.
We are motivated to do the research by the approxima-
tion capability and performance of an FLS [3]–[7] and,
more importantly, the development of distributed learning
[8]–[17]. Previous researches have proposed various dis-
tributed algorithms, most of which are under the framework
of adaptive processing and cooperative strategies, including
the incremental type (e.g., incremental LMS [8], [9], incre-
mental RLS [11], [12]), the diffusion type (e.g., diffusion
LMS [13], [14], diffusion RLS [17]), and the average con-
sensus (the space diffusion) type [15], [16], etc. Although
the incremental algorithms minimize the communication
cost, they have their own disadvantages, that is, in the incre-
mental methods, a cyclic path is needed over the nodes in
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the network to make the estimates broadcasted from node
to node, and it’s an NP-hard problem to determine such
a Hamilton circle traversing all the nodes in the network.
The diffusion algorithms only use local information inter-
action between single-hop neighbors and their learning rate
are faster than the incremental ones. Whereas in many dif-
fusion algorithms, each node in the network minimizes the
local cost function by using the gradient descent method,
which makes the estimate converge too slowly near the
minimizer value. Moreover, the smaller constant step-sizes
make the better learning performance and also make the
diffusion algorithms converge slowly. The average consen-
sus algorithms use the gradually decreasing step-sizes to
make all nodes reach the same minimizer value but pre-
vent them from learning when the step-sizes are reduced
to 0. And many consensus algorithms need to define the
”bridge nodes” in the network. In our proposed algorithms,
the general consensus theory [10] is incorporated. Simi-
lar to the diffusion algorithms, each non-hierarchical node
only transmits its locally learnt knowledge to its one-hop
neighbors. The initial value of each node is the local op-
timal value and the learning process keeps the sum of the
gradient of each local cost function at 0. By using the al-
gebraic graph theory [1], [2] and the Lyapunov approach,
the weight coefficient matrix of the FLS is proved to con-
verge exponentially to the optimal value, which is faster
than the diffusion algorithms. The DCL algorithms equal
to the conventional centralized learning (CL) ones in per-
formance.
The remainder of this paper is organized as follows. Sec-
tion II presents preliminaries, including notation, algebraic

5997978-1-4673-9714-8/16/$31.00 c©2016 IEEE



graph theory and approximation via FLSs. In section III,
we present the continuous-time and discrete-time DCL al-
gotithms. In Section IV, we give some simulations to verify
the effectiveness and advantages of the DCL algorithms. At
last, some conclusions are summarized in Section V.

2 Preliminaries

2.1 Notation
In this study, R denotes the set of real numbers; Rn denotes
the set of n× 1 real vectors; Rn×n denotes the set of n×n
real matrices; N denotes the set of all natural numbers; In

denotes the n × n identity matrix; 1n is an n-dimensional
vector with all ones; AT denotes the transpose of the ma-
trix A; ⊗ denotes the Kronecker product; ‖·‖ denotes the
Euclidean norm; ∇f is the gradient of f, and ∇2f is the
Hessian matrix of f.

2.2 Algebraic Graph Theory
In this paper, we model a communication network by in-
troducing an undirected graph of N nodes, G � {V, E ,A},
where V = {υ1, υ2, · · · , υN} is a finite nonempty node set,
E ⊆ V × V is the edge set and A = [aij ]N×N ∈ R

N×N

is the weighted adjacency matrix of G with aij ≥ 0 and
aij = aji. For simplicity, i ∈ V means node υi ∈ V .
An edge in G is expressed as (υj , υi) ∈ E , which means
(υi, υj) ∈ E for arbitrary i, j ∈ V . If (υi, υj) ∈ E , there
is information interaction between node i and node j, and
node j is called a neighbor of node i, furthermore, aij > 0,
otherwise, aij = 0. Assume that there is no loop at each
node, i.e., aii = 0. The Laplacian matrix of G is defined
as L � D − A, in which D = diag(d1, d2, · · · , dN ) and

di =
∑N

j=1 aij . Node i’s neighbor set is defined as Ni =
{j ∈ V | (υi, υj) ∈ E}, in which |Ni| represents the cardi-
nality of Ni. Note that L is real symmetric, so L = K×KT,
where K is the incidence matrix of an arbitrary orientation
of L [2]. Further, L is positive semidefinite and hence all
eigenvalues of L are nonnegative. Meanwhile, L has zero
column sums, therefore L × 1N = 0 and further λ1(L) =
0. The multiplicity of zero as an eigenvalue of L is the
number of the connected components of G, and so if G is
connected, λ2(L) is the smallest nonzero eigenvalue, that
is, 0 = λ1(L) < λ2(L) ≤ · · · ≤ λN (L). Just for the
Laplacian matrix L, we rewrite λi(L) as λi for simplicity,
i = 1, 2, ..., N .

2.3 Approximation via Fuzzy Logic Systems
An multi-input single-output (MISO) FLS maps from the
input space U ⊂ R

m to the outspace V ⊂ R. Suppose, U =
U1 × U2 × · · · × Um, in which Up ⊂ R, p = 1, 2, · · · ,m.
And the diagram of an FLS is shown in Fig. 1.

Figure 1: Basic components of a fuzzy logic system

The MISO FLS receives an m-dimensional input, fuzzifies
it, maps the gotten fuzzy sets in U to a fuzzy set in V via

the fuzzy inference engine, performs the defuzzifization,
and derives the output. Both the input and output are non-
fuzzy. The fuzzy rule base is composed of fuzzy IF-THEN
rules as follows:
Rj: IF x1 is M j

1 , and x2 is M j
2 , and ... and xm is M j

m,
THEN y is N j .

in which x = [x1, x2, · · · , xm] ∈ U is the m-dimensional
input, along with xp ∈ Up and y ∈ V is the output of
the FLS. M j

p ⊂ Up and N j ⊂ U are fuzzy sets, which
are respectively characterized by the membership functions
μMj

p
(xp) and μNj (y).

For any real continuous function f(x), f(x) on a compact
set can be approximated to arbitrary accuracy by an FLS:

f(x) = s(x)Wi + εi (1)

where f̂i(x) = s(x)Wi is the ith estimation function of the
objective function f(x), Wi, the weight coefficient to be
trained, denotes the approximation of the optimal weight
coefficient W ∗. As Wi is a function of time t or k, here we
use Wi for short. s(x) is the chosen fuzzy basis function
(FBF), which composes the basis vector function S(x), and
εi is an infinitesimal. Then, as an example, we rewrite (1)
into a specific form as follows:

f(x) = [s1(x), s2(x), · · · , sn(x)]

⎡
⎢⎢⎢⎢⎢⎣

wi1

wi2

wi3

...
win

⎤
⎥⎥⎥⎥⎥⎦
+

n∑
j=1

εij

= s(x)Wi + εi (2)

where apj ∈ (0, 1], σpj ∈ (0,+∞) and xpj are turnable
parameters. s(x) = [s1(x), s2(x), · · · , sn(x)] ∈ R

1×n

along with sj(x) =

∏m
p=1 apjexp

(
−(

xp−xpj
σpj

)2
)

∑n
j=1

∏m
p=1 apjexp

(
−(

xp−xpj
σpj

)2
) , and

εi=
∑n

j=1εij .

3 Distributed Cooperative Learning via Fuzzy
Logic Systems

3.1 Problem Statement
For each node i ∈ V , we assume that, Ni, the size of the

labeled training set Zi =
{
(xl

i, y
l
i)
}Ni

l=1
, is available. Ni is

node i’s neighbor set. The sum of training samples through-
out the network is T =

∑N
i=1 Ni. Our purpose is to find a

technique to identify the common objective function f(x)
optimally, that is, fi(x) = f(x), ∀i ∈ V , by using T train-
ing samples and our contributions is to approximate f(x)
using the DCL algorithms via FLSs. For node i, the form
of approximation through the FLSs is shown as follows:

f(x) =

n∑
j=1

wijsj(x) + εi = s(x)Wi + εi (3)

The estimation error function of node i is defined as fol-
lows:

Fi(Wi) =

Ni∑
k=1

‖yki − s(x)Wi‖2 = ‖Yi − Si(x)Wi‖2 (4)

in which Yi = [y1i , y
2
i , · · · , yNi

i ]TNi×1 and Si(x) =
1Nis(x) ∈ RNi×n.
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Hence, the global approximation error function is:

F (W ) =

N∑
i=1

Fi(Wi) =

N∑
i=1

‖Yi − SiWi‖2 (5)

Obviously, F (W ) shows the total approximation degree
between the sample outputs and the values of the approx-
imation functions. For all nodes i ∈ V , the smaller the
F (W ) is, the closer to f(x) is the estimation function

f̂i(x).
Motivated by the distributed learning based on the con-
sensus theory and the approximation capability and per-
formance of FLSs, we present consensus-based DCL al-
gorithms to train the optimal coefficient matrix W ∗ of the
FLS via local information exchange in order to achieve the
optimal approximation. Before using the DCL algorithms,
we design the following method to minimize both the norm
of weight coefficients Wi and the estimation error:

min
W

G(W ) =
1

2

N∑
i=1

(‖Yi − SiWi‖2 + σi‖Wi‖2)

=
N∑
i=1

gi(Wi) (6)

in which gi(Wi) = 1
2 (‖Yi − SiWi‖2 + σi‖Wi‖2), σi >

0 is an adjustable parameter and it can be regarded as a
trade-off between the norm of weight coefficients Wi and
the estimation error. Obviously, (6) is a quadric convex
optimization problem, so there must exist a unique value
W ∗, which makes G(W ) reach the bottom and satisfies∑N

i=1 ∇gi(W
∗) = 0.

3.2 Continuous-Time DCL Algorithm
Our ultimate purpose is shown as follows:

lim
t→+∞Wi(t) = W ∗

i , ∀i ∈ V. (7)

Assume that the undirected graph G is connected, then the
continuous-time DCL algorithm for training weight coeffi-
cient matrix is expressed as follows:⎧⎨
⎩
Ẇi(t)=γ(Si

TSi+σiIn)
−1
[ ∑
j∈Ni

aij

(
Wj(t)−Wi(t)

)]

Wi(0)=(Si
TSi + σiIn)

−1ST
i Yi, ∀t ≥ 0, ∀ ∈ V.

(8)

where Wi(0) is the initial value of Wi(t) and γ > 0 is a
tunable parameter.
To perform the convergence analysis of the algorithm (8) in
ease, for all nodes in G, the algorithm (8) can be rewritten
as:{

Ẇ (t) = −γ(STS + σ ⊗ In)
−1(L ⊗ In)W (t)

W (0) = (STS + σ ⊗ In)
−1STY, ∀t ≥ 0, ∀i ∈ V. (9)

where W(t) = [W T
1(t),W

T
2(t),· · ·,W T

N (t)]T ∈ R
Nn×1, S =

diag{S1, S2, · · ·, SN}∈RT×Nn, σ=diag{σ1, σ2, · · ·,σN}∈
R

N×N , and Y=[Y T
1 , Y

T
2 , · · · , Y T

N ]T∈R
T×1.

Theorem 1: Consider the continuous-time DCL algo-
rithm (8) under the connectivity hypothesis, then we can
prove that the following inequality satisfies:

N∑
i=1

‖W ∗ −Wi(t)‖2 ≤ 2

ξ
V
(
W (0)

)
e−

2λ2γ
Ξ t (10)

where ξi = λmin(S
T
i Si + σiIn) along with ξ = min

i∈V
ξi;

and Ξi = λmax(S
T
i Si + σiIn) along with Ξ = max

i∈V
Ξi.

So, our purpose is reached that lim
t→∞Wi(t)=W ∗, ∀i ∈ V

by using the continuous-time DCL algorithm. And hence,
f̂i(x) = Si(x)W

∗ optimally approximates f(x).
Proof: See Appendix A. �

3.3 Discrete-Time DCL Algorithm
In this subsection, we propose the discrete-time DCL algo-
rithm. Similar to the continuous-time form, our goal is:

lim
t→∞Wi(k) = W ∗, ∀i ∈ V. (11)

Provided that the undirected graph G is connected, then the
discrete-time DCL algorithm is expressed as follows:⎧⎪⎨
⎪⎩
Wi(k+1)=γ(Si

TSi+σiIn)
−1
[∑

j∈Ni
aij

(
Wj(k)

−Wi(k)
)]

+Wi(k)

Wi(0)=(Si
TSi+σiIn)

−1ST
i Yi, ∀k ∈ N, ∀i ∈ V

(12)

where k ∈ N is a discrete point in time. Meanwhile,
we also rewrite the algorithm (12) in the following matrix
form:{

W(k+1)=−γ(STS+σ⊗In)
−1(L⊗In)W(k)+W(k)

W(0)=(STS+σ⊗In)
−1STY, ∀t ≥ 0, ∀i ∈ V (13)

in which W (k)=[W T
1 (k),W

T
2 (k), · · · ,W T

N (k)]T∈R
Nn×1.

Theorem 2: Consider the discrete-time DCL algorithm
(12) under the connectivity hypothesis, then we can prove
that the following inequality satisfies:

N∑
i=1

‖W ∗ −Wi(k)‖2 ≤ 2

ξ
V
(
W (0)

)
θk (14)

where θ = 1− 2λ2γ
Ξ

(
1− λNγ

ξ

)
.

Thus, our purpose is reached that lim
t→+∞Wi(k)=W

∗, ∀i ∈
V by using the discrete-time DCL algorithm. And hence,
f̂i(x) = Si(x)W

∗ optimally approximates f(x).
Proof: See Appendix B. �

4 Simulation experiments

The objective function approximation using the DCL Algo-
rithms via fuzzy logic systems
In this subsection, we use simulation experiments to ver-
ify the performance of the proposed two DCL algorithms,
respectively. And the objective function is specified as fol-
lows:

f(x) =
x

1 + x2
, x ∈ [−5, 5] (15)

Consider an undirected connected network in Fig. 2, where
the Laplacian matrix is: L=[4,-1,-1,-1,-1;-1,3,-1,0,-1;-1,-
1,3,-1,0;-1,0,-1,3,-1;-1,-1,0,-1,3]. Each node’s own train-
ing set Zi, which are randomly assigned and uniformly dis-
tributed in the interval [-5,5]. And we set that every node
gets Ni = 10000 training samples. The training set of each
node and the objective function are illustrated in Fig. 3.

Figure 2: The topological graph
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We randomly divide both the input and output space
into n=100 fuzzy sets, which are respectively represented
as A1, A2, ..., A100 and B1, B2, ..., B100, generate n=100
fuzzy rules from the sample data as the fuzzy rule base,
and assign every fuzzy set a corresponding FBF in both the
input and output space. The initial center values of the out-
put sets in the fuzzy rules at each node are different.
In both cases of the continuous-time and discrete-time DCL
algorithms, we set γ=0.003 and σi=0.01 for the objective
function approximation. Results of the simulation experi-
ments in the two cases are illustrated in Fig. 4 and Fig. 5,
respectively.
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Figure 4: Results of simulation with the continuous-time DCL algorithm
via fuzzy logic systems: (a)-(e): the approximation function of υ1-υ5,

(f): the total approximation error.

The vector of the output sets’ center values in the fuzzy
rules at each node, that is, Wi, finally reaches consensus,
and the ultimate fuzzy rules are:
R1: IF x is A1: [−5,−4.9480], THEN y is B1, whose
center value is -0.1144;
R2: IF x is A2: (−4.9480,−4.7650], THEN y is B2,
whose
center value is -0.2099;
......
R100: IF x is A100: [4.7550, 5], THEN y is B100, whose
center value is 0.0087.
Since FLSs are universal approximators, whatever the
objective function is, no matter the continuous-time or
discrete-time DCL algorithm, if we set reasonable fuzzy
rules and appropriate inner parameters, the approximation
performance is always precise.

5 Conclusion

The main contribution of this article is that we apply the
strategy of consensus-based DCL to pattern recognition via
FLSs. The problem we study, built on the quadric convex
optimization, is the problem of supervised machine learn-
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Figure 5: Results of simulation with the discrete-time DCL algorithm via
fuzzy logic systems: (a)-(e): the approximation function of υ1-υ5, (f):

the total approximation error.

ing, i.e., all the spatially distributed nodes learn the un-
known pattern over the network and optimize the global
error function. The proposed DCL algorithms are used
to train the optimal efficient matrix, the weight, through
merely local information exchange and all the learners
reach consensus in the end. The information for interaction
is the learnt knowledge of each node, but not the raw partial
data. We prove that the weight exponentially converges to
the optimal value in the DCL algorithms. In contrast to the
CL algorithm, communication cost and width are reduced
by the DCL algorithms. There are still many interesting
and challenging problems deserving further research. And
in the context of big data, the presented DCL algorithms are
realistic in many applications, such as wireless sensor net-
works (WSNs), including environment monitoring, traffic
control and so on.

6 appendices

6.1 Proof of the Theorem 1
Proof: In order to perform the convergence analysis of
the continuous-time DCL algorithm, we first construct a
Lyapunov function candidate as follows:

V
(
W(t)

)
=
1

2

N∑
i=1

(
W ∗−Wi(t)

)T
(ST

i Si+σiIn)
(
W ∗−Wi(t)

)
(16)

And we can further derive:

V
(
W(t)

)≥
N∑
i=1

ξi
2
‖W ∗−Wi(t)‖2≥ξ

2

N∑
i=1

‖W ∗−Wi(t)‖2 (17)

where ξi = λmin(S
T
i Si + σiIn) and ξ = min

i∈V
ξi.

Meanwhile, we can also get the following inequality (Proof
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see Appendix 6.3):

V
(
W (t)

) ≤ Ξ

2λ2
W (t)T(L ⊗ In)W (t) (18)

Consider the Lyapunov function candidate V
(
W (t)

)
, we

can obtain the derivative of it is:

dV
(
W (t)

)
dt

=−
N∑
i=1

Ẇi(t)
T(ST

i Si + σiIn)
(
W ∗ −Wi(t)

)

=− γW (t)T(L ⊗ In)W (t) (19)

Along with (18), (19) turns into

dV
(
W (t)

)
dt

≤ −2λ2γ

Ξ
V
(
W (t)

)
(20)

Then, it is easy to derive:

V
(
W (t)

) ≤ V
(
W (0)

)
e−

2λ2γ
Ξ t (21)

Combining (21) with (17), yields:
N∑
i=1

‖W∗−Wi(t)‖2≤ 2

ξ
V
(
W(t)

)≤ 2

ξ
V
(
W(0)

)
e−

2λ2γ
Ξ t (22)

Finally, Wi(t) converges exponentially to W ∗. �
Remark 1: From the algorithm (8), under the connectiv-
ity hypothesis, it is effortless to obtain that

∑N
i=1(S

T
i Si +

σiIn)Ẇi(t) = γ
∑N

i=1

∑
j∈Ni

aij
(
Wj(t)−Wi(t)

)
= 0.

6.2 Proof of the Theorem 2

Proof: Consider the form of (16), similarly, we can eas-
ily establish the Lyapunov function candidate as follows,
which is used to perform the convergence analysis of the
discrete-time DCL algorithm:

V
(
W(k)

)
=
1

2

N∑
i=1

(
W ∗−Wi(k)

)T
(ST

i Si+σiIn)
(
W ∗−Wi(k)

)
(23)

And further, we can derive:

V
(
W(k)

)≥
N∑
i=1

ξi
2
‖W ∗−Wi(k)‖2≥ξ

2

N∑
i=1

‖W ∗−Wi(k)‖2 (24)

In the meanwhile, we can also obtain the following inequal-
ity (Proof process refer to Appendix 6.3):

V
(
W (k)

) ≤ Ξ

2λ2
W (k)T(L ⊗ In)W (k) (25)

Consider the Lyapunov function candidate, we can easily
derive the difference of it is:

V
(
W (k + 1)

)
= V

(
W (k + 1)

)− V
(
W (k)

)

=− 1

2

N∑
i=1

(
Wi(k)

T(ST
i Si + σiIn)Wi(k)

−Wi(k + 1)T(ST
i Si + σiIn)Wi(k + 1)

)
(26)

Remark 2: From the algorithm (12), under the connec-
tivity hypothesis, it is easy to obtain that

∑N
i=1(S

T
i Si +

σiIn)
(
Wi(k+1)−Wi(k)

)
=γ

∑N
i=1

∑
j∈Ni

aij
(
Wj(k)−

Wi(k)
)
=0.

For ease of simplification, we construct intermediate terms

in the function, so it leads to:

V
(
W (k + 1)

)

≤
N∑
i=1

(
Wi(k + 1)−Wi(k)

)T
(ST

i Si + σiIn)Wi(k + 1)

=− γW (k)T(L ⊗ In)W (k + 1) (27)

United with (13), (27) turns into

V
(
W (k + 1)

)
= V

(
W (k + 1)

)− V
(
W (k)

)
≤− γW (k)T(L ⊗ In)[−γ(STS + σ ⊗ In)

−1

× (L ⊗ In)W (k) +W (k)]

≤− γ
(
1− λNγ

ξ

)
W (k)T(L ⊗ In)W (k) (28)

On the condition that γ satisfies 1− λNγ
ξ > 0, that is,

0<γ< ξ
λN

, plus V
(
W(k)

)
is non-negative, which is proved

before, we can further deduce that {V(W (k)
)}+∞

i=1
is a non-

increasing sequence. Combining (28) with (25), yields:

V
(
W(k + 1)

)−V
(
W(k)

)≤−2λ2γ

Ξ

(
1− λNγ

ξ

)
V
(
W(k)

)
(29)

Next, it is effortless to obtain that:

V
(
W (k + 1)

) ≤ θV
(
W (k)

)
(30)

where θ = 1− 2λ2γ
Ξ

(
1− λNγ

ξ

)
.

In order to let {V (
W (k)

)}+∞
i=1

be a non-increasing se-

quence, we set 0 < γ < ξ
λN

to make 0 < 1 − λNγ
ξ < 1.

Moreover, to make (29) continue to maintain this fea-
ture, we set 0 < θ < 1 and it is easy to work out that
0 < γ < Ξ

2λ2
. Hence, together with the calculation re-

sults before, we set 0 < γ < min{ ξ
λN

, Ξ
2λ2

}, which guar-

antees that {V (
W (k)

)}+∞
i=1

is both non-negative and non-
increasing. Based on the recurrence relations (30), we em-
ploy the inverse extrapolation method to get the relation
between V

(
W (k)

)
and V

(
W (0)

)
as follows:

V
(
W (k)

) ≤ θV
(
W (k − 1)

) ≤ · · · ≤θkV
(
W (0)

)
(31)

Combining (31) with (24), results in
N∑
i=1

‖W ∗−Wi(k)‖2 ≤ 2

ξ
V
(
W (k)

) ≤ 2

ξ
θkV

(
W (0)

)
(32)

In the end, Wi(k) converges exponentially to W ∗. �

6.3 Proof of the Inequality (18)
Lemma 1: For the undirected and connected network
topology G, if

∑N
i=1∇2gi

(
Wi(t)

)
= 0 and V

(
W(t)

)
=∑N

i=1

[
gi(W

∗)−gi
(
Wi(t)

)−∇gi
(
Wi(t)

)T(
W ∗−Wi(t)

)]
=0,

the following inequality is satisfied:

V (W (t)) ≤
N∑
i=1

Ξi

2
‖Wi(t)− 1

N

N∑
j=1

Wj(t)‖2

≤ Ξ

2

N∑
i=1

‖Wi(t)− 1

N

N∑
j=1

Wj(t)‖2 (33)

where Ξi = λmax(∇g2i ) and Ξ = max
i∈V

Ξi.

Lemma 2: For the undirected and connected graph set
G, G ∈ G with N nodes and Ḡ is the complete graph of G.
Similar to L, we define L̄ ∈ R

N×N is the Laplacian matrix

2016 28th Chinese Control and Decision Conference (CCDC) 6001



of Ḡ. It’s easy to derive that L̄ has N − 1 positive eigen-
values at N , and L has N − 1 positive eigenvalues among
which λ2 is the smallest, and there exists a W ∈ R

N×N ,
which contains N orthonormal eigenvalues of L in its
columns. Then, λ2W

TL̄W ≤ NW TLW , which makes
λ2L̄ ≤ NL.
Proof: From remark 1, we get

∑N
i=1(S

T
i Si +

σiIn)Ẇi(t) =
∑N

i=1∇2gi
(
Wi(t)

)
=0. So

∑N
i=1∇gi

(
Wi(t)

)
is constant. Further, we can obtain

∑N
i=1 ∇gi

(
Wi(t)

)
=∑N

i=1∇gi
(
Wi(0)

)
=
∑N

i=1[−ST
i Yi+ST

i Si+σiInWi(0)]=∑N
i=1−ST

i Yi+(ST
i Si+σiIn)(S

T
i Si+σiIn)

−1ST
i Yi=0 for

any t ∈ V . Therefore, we can derive the optimal coefficient
value W ∗ of G(W ).
Then, according to the quadric convex problem (6), we
get gi(Wi) = 1

2 (‖Yi − SiWi‖2 + σi‖Wi‖2), further we
derive:

N∑
i=1

[
gi(W

∗)−gi
(
Wi(t)

)−∇gi
(
Wi(t)

)T(
W ∗−Wi(t)

)]

=

N∑
i=1

[1
2

(
W ∗−Wi(t)

)T
(ST

i Si+σiIn)
(
W ∗−Wi(t)

)]

=V
(
W (t)

)
(34)

Next, in the light of Lemma 2, it is easy to derive:∑
i∈V

‖Wi(t)− 1

N

∑
i∈V

Wj(t)‖2

=
1

N
[W1(t)

T,W2(t)
T, · · · ,WN (t)T](L̄ ⊗ In)

× [W1(t)
T,W2(t)

T, · · · ,WN (t)T]T

=
1

N
W (t)T(L̄ ⊗ In)W (t)

≤ 1

λ2
W (t)T(L ⊗ In)W (t) (35)

And hence, combine with Lemma 1, we have:

V (W (t)) ≤ Ξ

2λ2
W (t)T(L ⊗ In)W (t) (36)

Remark 3[1]: For the graph set G, the function
λ2(LG) is non-decreasing for arbitrary graph G ∈ G with
the same set of vertices, i.e. λ2(LG1) ≤ λ2(LG2) if
G1 ⊆ G2 (G1 and G2 have the same set of vertices). Ob-
viously, G ⊆ Ḡ. And hence, λ2(LG) ≤ λ2(LḠ).
Remark 4[1]: For the graph Ḡ with N nodes,
λ2(LḠ) =N , while for the non-complete graph G with N
nodes, λ2(LG) ≤ N . Therefore, λ2(LḠ) = λ3(LḠ) =
· · · = λN (LḠ) = N .
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