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Abstract: A new design framework of feedforward ILC is developed for nonlinear systems in this work. By supposing that there
exists a desired nonlinear controller, two dynamical linearization methods are proposed for the nonlinear controller. And then, a
CFDL-ILC and a PFDL-ILC are presented. Comparatively, the PFDL-ILC is similar to the higher order ILC schemes that more
errors of previous iterations are used. The proposed approaches are data-driven and no process model is required for the
controller design and analysis. The availability of the proposed approaches is further confirmed by simulation results.
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1 Introduction

Iterative learning control (ILC) [1-3] is most suitable for
repetitive dynamics operating over a fixed time interval. In
genral, there are three major structures of ILC system: Pure
feedforward (PFF) ILC, Pure feedback (PFB) ILC, and
feedback — feedforward (FBFF) ILC.

The original proposed ILC is a pure feedforward
algorithm, where the controlled plant is supposed stable
over the finite time interval and no system dynamics of the
current iteration is considered. The idea of this structure is
very straightforward, i.e., learning from experience. It is
guaranteed that all the tracking errors over the entire finite
time interval are converging to zero as the learning number
approaches to infinity.

The pure feedforward PID-type ILC has some advantages
such as simple structure, easy to implement, no on-line
computing burden, and so on. However, there are also some
limitations hindering its further applications in practice.

First, although there is a convergence theorem pointing
out a scope about the proper learning gains of the PFF
PID-ILC, the learning gains are difficult to be selected if
there is no enough knowledge known exactly about the
controlled system. Second, the learning gains are generally
fixed and invariant in the controller operation when they are
selected properly. If there is a large disturbance or
uncertainty exposed on the controlled plant, the PFF
PID-ILC with the previous fixed learning gain may become
unsatisfied. Third, the convergence of PFF PID-ILC is
guaranteed under the framework of A4 norm and requires A
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is large enough, which leads to poor tracking
performance/even divergence may occur in some time.

In fact, there always exists a generic ideal controller
producing the desired control input such that the system
output tracks the reference trajectory exactly. The controller
is unknown and may be nonlinear or linear. The key issue is
how to find such an ideal controller. Recently, model-free
adaptive control (MFAC) [4-6] is proposed for nonlinear
systems. And the key innovation of MFAC is its dynamical
linearization. In [7], the dynamical linearization is also
applied to linearize an ideal nonlinear controller. And thus a
controller dynamic linearization based MFAC scheme is
proposed.

This paper aims to present a general design framework of
pure feedforward ILC, as well as its higher order algorithm,
for a class of nonlinear system directly. Two dynamical
linearization methods for the nonlinear systems and the
general controller are proposed. The unknown learning
gains in the controller are varying with both time and
iterations, and can be updated by the designed estimation
algorithms. A higher order algorithm is also proposed by a
different dynamical linearization of the desired nonlinear
controller. Simulation study shows the efficiency and
application of the proposed method.

The rest of this paper is organized as follows. Section 2
presents problem formulation. In Section 3, a new CFDL
based ILC controller is designed. Section 4 extends the
result to a PFDL based ILC controller. Section 5 provides a
simulation study. Finally, some conclusions are given in
Section 6.

2 Problem Formulation

Consider a nonlinear discrete-time system,
e+ D)= flye @, =Dyt =n,),

g (O,u, (t =1),u, (1= 1,))

(M
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where y,(f)e R is the system output; u,(f)e R is the
control input; f(-) is an unknown nonlinear function,
which is continuously differentiable; e {0,1,--~,N } denotes
sampling time index with N being an integer; k indicates
the system repetition number; »n, and n, are two unknown

positive integers.
By solving equation (1), the system output is obtained as,

Ve = (1, (0),1,.(0)) = g4 (4 (0),2,,(0))
6@ = (1 (0,3, (00, (1), (0))
= £(g0 (74 (00,4 (0)). y (0),1;, (1), (0))
= g1 (74 (0),21;, (0),u, (1))
e B) = f(1 (20,3, (0,74 (0), 15 (2),0; (1)1, (0))
= /(&1 (74 (00, (0),21, (1), 6 (¥4 (0),4;,(0)),
Y5(0),2;, (2),u (1), (0))
= 25 (7 (0), 14y (0),10 (1,11, (2)
; @)
e+ = 0,7, =1,y G =),
() (t=1),u, (t=n,,))
= /(g1 (74 (), (0),--, 2, (1 = 1)),
812 (7 (01,24 (0), -1, (1=2)). -,
20 (74 (0),1;,(0)), ¥, (0),
w (0, (1= 1), (0))
= &, (74 (00,4, (0), 15 (1), (1))
where g, () , te {0,--~, N }, is a proper nonlinear function,

which is continuously differentiable.
Define a supervector u,(f) as follows,

u (£) = [ (0),u, (1), u, (0)] € R™.
Then, (2) becomes
ee+1) = g, (3, 0), 4] () 3)

In this work, two assumptions are made as stated below.
Assumption 1. The initial state y,(0) is identical for all

iterations, that is y,(0) = y,, Vk .
Assumption 2. Nonlinear function g,(-)
Lipschitz, that is,
"gr(xl:”l )_gt(x27u2 m < Lx|xl _x2|+Lu||”1 _”2"
where L. <o and L, <e are two positive Lipschitz

is globally

constants.
Making a difference between y,(¢+1) and y,_(#+1)

gives,
Ay, @+D) =y, t+) =y, (+1)
= ¢y, 0.7 ()~ g, (v, (0. 47, )

By virtue of the Differential Mean Value Theorem, one
obtains,

“4)

*

0,
Ay, (t+1)= ayg(t0)
k

a *
E)u;?(t) (”k O —uyy (¢ ))

(7 (0) = y,4(0))

)

81

9y, (0)
with respect to »,(0) in the interval [yk (0), ykfl(O)]; and

where

is the optimal partial derivative values of g

dg, _| d¢,  dg . 9
du (1) | u(0)  duy (1) u (£)

optimal partial derivative values of g to u,(f) in the interval

[, (1), 1 (1)) .

From Assumption 1, we can rewrite Eq. (5) as,

Ayy(t+1) = ajf 0=, 0) = 0 (DA () )
k

denotes  the

where

og,
=5t d
8(1)] g "

Au, =u, —uy,_; ; where ¢, (i) is the (i+1)-th element of
o.(1), i€ {0,l,~~-,t}. According to A2, we know that

00 () =[0,(0) @, (D)

sup max ﬂqok(t)"SLu is bounded.
r €0, N

Then the estimation algorithm is as follows,
P (1) =91 (1)
Ay (41 = 90y Ay (0)Au, (0) @)
2
o+ A 0]

3 Controller Design with CFDL Scheme

For nonlinear system (1), suppose that we have an ideal
nonlinear ILC controller with pure feedforward structure,
shown as follows,

w (6)= Clyy (Do (1), (1)
e (t + 1), € (t + 1), ey, (t + 1))

where C(-) is an unknown nonlinear function, n, and

®)

n, are unknown positive integers.

Assumption 3. The partial derivatives of C(-) with
respect to e, () are continuous.

Assumption 4. C(-) is generalized Lipschitz, that is,
|Auk(tl Sb,|Aek (t+1] is satisfied for any time instant ¢ and

repetition number & and |Aek(t+1]¢0 where

Aey(t+1)=e (t+1)—e,_ (t+1) , Auy(t)=u,(6)—u,_, () ,
and b, is a positive constant.

Theorem 1 Consider the nonlinear idea controller (8)
under assumption 3 and 4, if |Aek (t+ 1] # 0, then we have a
parameter 6, (t)e R, such that Eq.(8) can be transformed
into an equivalent linear controller as follows,

Auy ()= 6, (e)Aey (1 +1) ©
with |6, (t) < b
Proof: From (8), it has
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Auy (1) = (£) =y, (1)

= Clugy (D (1),

U -n, (t )’

et +1), ek 1(m) ey (1+1))
(”k (O (0), Uy, O)

e (t+1).e 1(’+1) €k, (""1)) (10)
(“k 1)y (2), - Uk, (¢),

e (t+1).e5 1(f+1) "€k, (t+1))
= Clu s (a5 0t 0)

e (t+1)e o+ 1)»""ek—n(,—l (e+ 1))
In terms of the Differential Mean Value Theorem, (10)
can be rewritten follows

Auy(1)=

*

oC
mAek(f+1)+ G (A1

is the optimal partial derivative value of

*

aek(t+l)

C (-)with respect to tracking error e (t+ 1) at a certain mean

where

point within the interval [ek (t+1)e, ,(t+ 1)], and
&)= C(uk—l (b (1), Uk—p, ()
et +1)eyy(t+1),-, €k, (t+ 1))
- C(uk—Z (O)ugs (t)""rukfnu—l (¢),
e (t+1) e (1 + 1)""761{7”;1 (r+ 1))
Given a scalar equation with 7, (¢) as a variable,
& (6) = (1)Ae; (e +1) 12)
Since the condition of |Aek (t+1] # 0 holds, (12) has one

solution h,t (¢) for each fixed .
Let

*

C.ac
Hk(f)—hk(t)“‘m (13)

then we have Au,(t)=6, (t)Aek (t+1) according to (11).
Obviously, |6’k (t] < b, holds by virtue of Assumption 4.
Since our purpose is to find a proper input u, () such that
e (t+1)=0, then the above control law becomes,
Au (1) = =6, (t)eyy (¢ +1) (14)
where the unknown parameter 6, () is estimated by an

iterative updating law.
Define a criterion function as follows,

2 . 2
JO:0)= [y e+ D= v+ 1) + 46, ()= 6,0 (1)
where 4, >0 denotes a weighting factor.
According to (6), we have

V(@ +D) =y ¢+ D) + @, (DA (1) (16)
Substituting (16) into (15), yields,

2

-1
J(0,0) = [y (t+1) = yiy (4 1) = Y 6 ()Auy (1) — B (D (1)

i=0

+Al6.(0-6,., (z)‘2
a7
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where  u, (/) are the (itl)-th element of
u, (1) Auy (D) =u, () —uy,_ (@), i=0,1,--,1

Substituting (14) into (17), yields,
2

-1
T (D) =[ei (1 +1)= D G (DA (1) + B ()6, (e, (1)

N . 2
ACHOETNG

(18)
Let us differentiate (18) with respect to ,(r) and set it to

zero, then we have
) 9 P18 (e (1 +1 2
Hk(t)zgkil(t)_ 1¢k( )( k 1( ))

4 +|¢k (f)lzlek—l (H‘lxz

1—1
P10 B ()M (D (2 +1)

i=0 (19)
A +|¢k (t)lzlek—l (H‘lxz

P (¢k (’))2 ék—l (t)epy (1 + 1))2

2 2
A +|¢k (f)l |ek—l (""1)'
where p; >0, denotes the step-size constant. The unknown

parameter @, (¢) is estimated by the updating law proposed
in [8].

So, the proposed CFDL-ILC approach is constructed as
follows:

0, (=0, (1)
Ay (D) = g0 A (DA, () (20)
M+ "A”k 1(f)||
B2 (D)= Go(0), i sen(, (1) senldy (1)
or [p, ()| <€, i=01-t
Pl(/;k (t)(ek—l (r+ 1))2
-~ 2 N
A +|¢k (f)| |€k—1 (t"'ll

e2)

6,(1) =6, (1)~

1—1
PO B (i) (D (2 +1)
+ S - (22)
4 +‘¢k (f)‘ |€k71 (“’1)'
P (ék (¢ ))2 ék—l (et +D)
N 2 2
A+ |¢k (f)| |€k—1 (r+ 1]
6,(c)=—b, , if 6,(t)<—b, or 6,(t)> b, (23)

Auy (1)=—6,(t)e, (¢ +1) (24)
where (21) and (23) are two reset algorithm, which are
added to enhance the tracking performance of ¢, (¢) to the

iteration-time-varying parameter ¢,(f) and ék (1) to the
iteration-time-varying parameter 6,(¢) ; € , b, and b, are
three small positive scalar.

4 Controller Design with PFDL Scheme

For nonlinear system (1), we can obtain the ILC law as
follows
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Auy (1)= 0, (t)Ae, (t+1) (25)
0,(c)e R™ is a
Aek(t+1):[Aek(t+l) Aey_,(z+1)
When By virtue of Remark 1,
Aey(t+1)=[ep (1+1) Aepy(t+1)

where parameter  vector, and

Ay lt+ D

Aeyy 4 (r+ 1)]T
(26)
Consider a different cost function as follows,
JO,0)=]ya+ D=y 4 1) + 0,00, (0 @7)
where 4, >0 denotes a weighting factor.
Substituting (16) into (27), yields,

)

-1
alt+1) =y (1) = D G () Auy (1) = 6y () Au (1)

i=0

J(O0.(0))=

. 2
+4 Hak (t)-0,, (’ﬂ
(28)
Substituting (25) into (28), yields,
2

t—1
eet (41 = D" G (DAuy (i) = 9, (10, (1)Ae, (1)

i=0

J(0,(0)=

- 2
+ /12"01( (t)- 0, (f1|
(29)
Let us differentiate (29) with respect to 8, (¢) and set it to
zero, then we have

0, () =0, (1)
P20 (DAe] (t+1)e,_ (¢ +1)
A +|0c O el (t+1)Ae, (1 +1)

1—1
P20 (0D 0 (A (e (+1)  (30)

_ i=0
Ay +|0c 0 Al (t+1)Ae, (1 +1)
a0 (0 Aef (1 +1)0,, ()Ae, (1 +1)
Ay |0 0 el (t+1)Ae, (1 +1)
where p, >0, denotes the step-size constant.

So, the proposed PFDL-ILC approach is constructed as
follows:

0 () =9, (0)
A (4D = p(0) 1 By (DA (1) (B)
H+ "Auk—l (t )"2
$0(0) = 4o (1), i sen(, (1) senldy ()
or |py () <e, =011

(32)
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0,(1)=0,_,(1)
P20 (DAel (t+1)e; (e +1)
a 2
2+ 0 A (1+1)ae, (1+1)

-1
P29 (t)z¢k (i)Au (D Aef (+1) (33)

_ i=0
A +|¢3k (z)|2Ae,{ (t+1)Ae, (¢ +1)
_ P26 (1)’ Aef (t+1)0,, (1)Ae, (¢ +1)
2o+, 0] el (4 1), 1)
||ék (rj| =b,, if ||ék (z)" <b,or ||ék (t)|| > b (34)

Aug(1)=0,(1)Ae, (t +1) (35)

where £,b, and b, are three small positive scalar.

5 Simulations

Consider a nonlinear batch reactor as follows

. -E
X, =—k; exp L |x?
uTref

. -E -E
%y = —ky exp| —= |xf —k, expl 2 |y,
uTref uTre/'

V=X

where x,, x, represent the dimensionless concentrations of
the raw material and the product; u=T/T,; T, is the

reference temperature; 7 is the reactor temperature and
298K < T <398K ; the operation interval is 1.0 hour. In the
simulation, the sampling time /4 = 0.1hour .

The values of ki, k,, Ey, E,, and T, are given as
k, =4.0x10°%, ky=6.2x10,
E,=5.0x10°K ,and 7,,, =348K.

The desired product reference
y,4(6)=0.61sin(m/20), 1€ {0,1,---,10}.

The initial states are selected as x;(0)=1 and x,(0)=0.

In the simulation, both the CFDL-ILC and the PFDL-ILC
approaches are applied with the same controller parameters:
P =p,=0.001, 7=0.005, 4 =4,=0.001, £=0.1.
The simulation results are shown in Fig. 1. The blue line is
the profile of tracking error with iterations using CFDL-ILC,
and the red and black lines are obtained by using PFDL-ILC
with /e=2 and le=3, respectively.

It is seen from the figure 1 that both the CFDL-ILC and
the PFDL-ILC are able to guarantee the convergence of
tracking error. However, by using more information of

previous errors, the PFDL-ILC achieves a better
performance than the CFDL-ILC.

E, =2.5x10°K,

trajectory  is
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