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Abstract: The paper addresses the consensus problem for multi-agent systems performing repeatable control tasks in

the presence of a fixed initial shift. Feedback-aided PD-type iterative learning control algorithms are proposed to solve

the problem of tracking control of multi-agent systems, which use the error derivative and the tracking error itself. It is

shown that the tracking error achieves asymptotic tracking convergence. In addition, FAPD-type control algorithms are

applied to solve the problem of multi-agent formation control, which are enabled to keep a desired deviation from the

reference trajectory. Numerical results demonstrate the effectiveness of the proposed learning algorithms.
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2 (Problem Formulation)

, n

, j {
ẋk,j(t) = Axk,j(t) + Buk,j(t)

yk,j(t) = Cxk,j(t)
(1)

, j = 1, 2, · · · , n, t ∈ [0, T ]. xk,j(t) ∈ Rp, uk,j(t) ∈
Rr, yk,j(t) ∈ Rm k

, A,B,C

. xk,j(0) = x0(k = 1, 2, 3 · · ·).

n ,

G,G = (v, ε,Θ)

n , G n v =

{v1, v2, · · · , vn} , vi

i. (vi, vj) ∈ ε ⊆ v × v j

i . Ni = {vj ∈ v|(vi, vj) ∈ ε}
vi . Θ = [aij ]

i j , i

j, aij = 1, aij = 0,

aii = 0. G Laplacian L = D − Θ,

, D = diag{d1, d2, · · · , dn}, dj =
∑

i∈Nj
ai,j

Θ j .

(1) yd(t),

,

, ,

.

, λ

: f : [0, T ] → R λ : ‖f‖λ =

supt∈[0,T ] e
−λt‖f(t)‖, λ > 0.

3 (Multi-agent Tracking
Control)

, (1), PD

uk+1,j(t) = uk,j(t) + Γ(ξ̇k,j(t) + Λξk+1,j(t)) (2)

Γ ∈ Rr×m, Λ ∈ Rm×m , Λ

. ek,j(t) = yd(t)−yk,j(t) k

j , yd(t)

.

j

ξk,j(t) =
∑
i∈Nj

aj,i(yk,i(t) − yk,j(t))

+dj(yd(t) − yk,j(t)) (3)

(3)

ξk,j(t) =
∑
i∈Nj

aj,i(ek,j(t) − ek,i(t)) + djek,j(t) (4)

n :

{
ẋk(t) = (In ⊗A)xk(t) + (In ⊗B)uk(t)

yk(t) = (In ⊗ C)xk(t)
(5)

xk(t) = [xT
k,1(t), xT

k,2(t), · · · , xT
k,n(t)]T ,

ek(t) = [eT
k,1(t), eT

k,2(t), · · · , eT
k,n(t)]T ,

ξk(t) = [ξT
k,1(t), ξT

k,2(t), · · · , ξT
k,n(t)]T .

In n . ⊗ Kronecker .

(4)

ξk(t) = ((L + D) ⊗ Im)ek(t) (6)

(6), (2)

uk+1(t) = uk(t) + ((L + D) ⊗ Γ)ėk(t)

+((L + D) ⊗ (ΓΛ))ek+1(t) (7)

λj L + D j .

1 (1), FAPD

(2), Γ

max
j=1,2,···,N

ρ(Im − λjΓCB) ≤ � < 1 (8)

k → ∞, yk,j(t) [0, T ] y∗d(t). ,

ρ(·) .

y∗d(t) = yd(t) − e−(In⊗Λ)t(yd(0) − (In ⊗ C)x0)

x0, u∗d(t)

y∗d(t) ,

x∗d(t). Δu∗k(t) = u∗d(t) − uk(t), Δx∗k(t) = x∗d(t) −
xk(t), e∗k(t) = y∗d(t) − yk(t), e∗(t) = e−(In⊗Λ)t(yd(0) −
(In ⊗ C)x0).

ek(t) = e∗k(t) + e−(In⊗Λ)t(yd(0) − (In ⊗ C)x0)

,

ėk(t) = ė∗k(t) − (In ⊗ Λ)e−(In⊗Λ)t(yd(0) − (In ⊗ C)x0)

ėk(t) + (In ⊗ Λ)ek+1(t) = ė∗k(t) + (In ⊗ Λ)e∗k+1(t).
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(7) (5),

Δu∗k+1(t) = u∗d(t) − uk+1(t)

= u∗d(t) − uk(t) − ((L + D) ⊗ Γ)ėk(t)

−((L + D) ⊗ (ΓΛ))ek+1(t)

= Δu∗k(t) − ((L + D) ⊗ Γ)ė∗k(t)

−((L + D) ⊗ (ΓΛ))e∗k+1(t)

= [Imn − (L + D) ⊗ (ΓCB)]Δu∗k(t)

−((L + D) ⊗ (ΓCA))Δx∗k(t)

−((L + D) ⊗ (ΓΛC))Δx∗k+1(t) (9)

c1 = ‖(L + D) ⊗ (ΓCA)‖, c2 = ‖(L + D) ⊗ (ΓΛC)‖,

(9) λ ,

‖Δu∗k+1‖λ ≤ ‖Imn − (L + D) ⊗ (ΓCB)‖‖Δu∗k‖λ

+c1‖Δx∗k‖λ + c2‖Δx∗k+1‖λ (10)

(5),

‖Δx∗k‖λ ≤ c3‖Δu∗k‖λ (11)

, c3 = ‖In⊗B‖(1−e(‖In⊗A‖−λ)T )
λ−‖In⊗A‖ .

(11) (10),

‖Δu∗k+1‖λ ≤ � + c1c3

1 − c2c3
‖Δu∗k‖λ (12)

λ, �+c1c3
1−c2c3

< 1. ,

limk→∞ ‖Δu∗k‖λ = 0. , (11) ,

limk→∞ ‖Δx∗k‖λ = 0. ,

lim
k→∞

yk(t) = yd(t) − e−(In⊗Λ)t(yd(0) − (In ⊗ C)x0)

.

(1),

, PD

uk+1,j(t) = uk,j(t) + Γ(ξ̇k,j(t) + Λξk,j(t)) (13)

Γ (8), k → ∞, yk,j(t) [0, T ]

y∗d(t).

,

, Λ,

e−(In⊗Λ)t ,

. ,

.

4 (Multi-agent Formation
Control Algorithms)

, ,

. FAPD

, .

uk+1,j(t) = uk,j(t) + Γ(ξ̇δ
k,j(t) + Λξδ

k+1,j(t)) (14)

ξδ
k,j(t) =

∑
i∈Nj

aj,i(yk,i(t) − yk,j(t) + δji(t))

+dj(yd(t) − yk,j(t) + δj(t)) (15)

, δj(t) j

, j 
= i, δj(t) δi(t)

, δji(t) j i .

δj(t) = 0 .

δj(0) + yd(0) − Cx0 = 0.

2 (1), FAPD (14),

Γ (8), limk→∞ yk,j(t) = yd(t) +

δj(t), t ∈ [0, T ].

eδ
k,j(t) = yd(t) + δj(t) − yk,j(t)

j k , eδ
k,j(0) = 0.

(14)

uk+1(t) = uk(t) + ((L + D) ⊗ Γ)ėδ
k(t)

+((L + D) ⊗ (ΓΛ))eδ
k+1(t) (16)

(16), (5)

uδ
k+1(t) = uδ

k(t) − [uk+1(t) − uk(t)]

= uδ
k(t) − ((L + D) ⊗ Γ)ėδ

k(t)

−((L + D) ⊗ (ΓΛ))eδ
k+1(t)

= [Imn − (L + D) ⊗ (ΓCB)]uδ
k(t)

−((L + D) ⊗ (ΓCA)xδ
k(t)

−((L + D) ⊗ (ΓΛC))xδ
k+1(t) (17)

(17) λ ,

‖uδ
k+1‖λ ≤ ‖Imn − (L + D) ⊗ (ΓCB)‖‖uδ

k‖λ

+c1‖xδ
k‖λ + c2‖xδ

k+1‖λ (18)

(5),

‖xδ
k‖λ ≤ c3‖uδ

k‖λ (19)

(19) (18),

‖uδ
k+1‖λ ≤ � + c1c3

1 − c2c3
‖uδ

k‖λ (20)

λ , �+c1c3
1−c2c3

< 1. ,

limk→∞ ‖uδ
k‖λ = 0. , limk→∞ ‖eδ

k‖λ = 0.

lim
k→∞

yk,j(t) = yd(t) + δj(t), t ∈ [0, T ]

.

,

, δj(t) = δj ,

. δj(0) + yd(0) − Cx0 =

0 ,

lim
k→∞

yk,j(t) = yd(t) + δj(t) − δj(0)

−yd(0) + Cx0, t ∈ [0, T ]
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(1), PD

uk+1,j(t) = uk,j(t) + Γ(ξ̇δ
k,j(t) + Λξδ

k,j(t)) (21)

Γ (8), limk→∞ yk,j(t) = yd(t) +

δj(t), t ∈ [0, T ].

δ(t),

.

, , .

5 (Numerical Simulation)

ILC , 1

4 ,

⎧⎨
⎩

ẋk(t) =

[
0 1

−2 −3

]
xk(t) +

[
0

1

]
uk(t)

yk(t) = [0 1]xk(t)

yd(t) = sin(2πt), t ∈ [0, 1]

1:

1. ,

0 , 1 4 ,

.

Laplacian

L =

⎡
⎢⎢⎣

1 −1 0 0

−1 2 0 −1

0 0 1 −1

0 −1 −1 2

⎤
⎥⎥⎦

D = diag(1, 0, 1, 0).

L + D λ1 = 0.382, λ2 = 1.382, λ3 =

2.618, λ4 = 3.618, γj ΓCB j ,

max
i

ρ(1 − λiΓCB) = max
i,j

|1 − λiγj |

maxi ρ(1− λiΓCB) γ 2/(λ1 + λ4) =

0.5[16],

Γ = 0.5(CB)−1 = 0.5

,

max
i

ρ(1 − λiΓCB) = 0.809 < 1

,

. ,

x1 = [0.5, 0.5]T , x2 = [0.5, 0.5]T ,

x3 = [0.5, 0.5]T , x4 = [0.5, 0.5]T .

u1,j(t) = 0, Λ = 7.

2∼5 ,

FAPD PD

, FAPD

.

k

J
1
,k

2: 1

k

J
2
,k

3: 2

(14) (21),

, Γ = 0.5, Λ = 3.7,

δ1(t) = − sin(2πt) + 0.5, δ2(t) = −1.2 sin(2πt) + 0.5

δ3(t) = −1.5 sin(2πt) + 0.5, δ4(t) = −1.8 sin(2πt) + 0.5
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k

J
3
,k

4: 3

k

J
4
,k

5: 4

6 7 , PD FAPD

, .

8∼11 , FAPD

.

6 (Conclusion)

,

, PD ,

. ,

, PD ,

. FAPD

, .

[1] Yamaguchi H. A Cooperative Hunting Behavior by Mobile-

Robot Troops.[J]. International Journal of Robotics Re-

search, 1999, 18(9): 931-940.

t

y
1
,
y
1
d

6: PD

t

y
1
,
y
1
d

7: FAPD

k

J
1
,k

8: 1

5170 2016 28th Chinese Control and Decision Conference (CCDC)



k

J
2
,k

9: 2

k

J
3
,k

10: 3

k

J
4
,k

11: 4

[2] Olfati-Saber R, Fax A, Murray R M. Consensus and Cooper-

ation in Networked Multi-Agent Systems[J]. Proceedings of

the IEEE, 2007, 95(1): 215-233.

[3] Vicsek T, Cziro A, Ben-Jacob E, Cohen O, and Shochet I.

Novel type of phase transition in a system of selfderiven par-

ticles[J] Physical Review Letter, 1997, 75(6): 1226-1229

[4] Jadbabaie A, Lin J, Morse A S. Coordination of groups of

mobile autonomous agents using nearest neighbor rules[J].

IEEE Transactions on Automatic Control, 2003, 48(6): 998-

1001.

[5] Fax J A, Murray R M. Information flow and cooperative

control of vehicle formations[J].IEEE Transactions on Au-

tomatic Control, 2004, 49(9):1465-1476.

[6] Olfati-Saber R, Murray R M. Consensus problems in net-

works of agents with switching topology and time-delays[J].

IEEE Transactions on Automatic Control, 2004, 49(9):

1520-1533.

[7] Ren W. Multi-vehicle consensus with a time-varying refer-

ence state[J]. Systems and Control Letters, 2007, 56(7-8):

474-483.

[8] Khoo S Y, Xie L H, Man Z H. Robust finite-time consensus

tracking algorithm for multirobot systems[J]. IEEE Transac-

tions on Mechatronics, 2009, 14(2): 219-228.

[9] Abdessameud A, Tayebi A. On consensus algorithms design

for double integrator dynamics[J]. IEEE Transactions on Au-

tomatic Control, 2013, 49(1): 253-260.

[10] Heinzinger G, Fenwick D, Paden B, Miyazaki F. Stability of

learning control with disturbances and uncertain initial con-

ditions [J]. IEEE Transactions on Automatic Control, 1992,

37(1): 110-114.

[11] Lee H S, Bien Z. Study on robustness of iterative learning

control with non-zero initial error [J]. International Journal

of Control, 1996, 64(3): 345-359.

[12] Park K H. A study on the robustness of a PID-type iterative

learning controller against initial state error [J]. International

Journal of Systems Science, 1999, 30(1): 49-59.

[13] , , . PD

[J]. , 2015, 41(1): 157-

164.

[14] Li J S, Li J M. Consensus seeking in multi-agent systems by

the iterative learning control[J]. Control Theory and Appli-

cations, 2012, 29(8): 1073-1077.

[15] Liu Y, Jia Y. An iterative learning approach to formation

control of multi-agent systems[J]. Systems and Control Let-

ters, 2012, 61(1): 148-154.

[16] Yang S, Xu J X, Huang D, et al. Optimal iterative learning

control design for multi-agent systems consensus tracking[J].

Systems and Control Letters, 2014, 69(3): 80-89.

[17] Meng D, Jia Y, Du J, et al. Tracking control over a finite in-

terval for multi-agent systems with a time-varying reference

trajectory[J]. Systems and Control Letters, 2012, 61(7): 807-

818.

2016 28th Chinese Control and Decision Conference (CCDC) 5171



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.7
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 6.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


