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Abstract: To tackle the tracking problem for a class of non-parametric uncertain systems in which only partial elements of the
state vector can be measured, this paper presents a repetitive learning control method to compensate for non-parametric uncer-
tainties with a robust learning algorithm. A series of coordinate transformations give rise to a new state-space representation of
the original system equation. The Lipschitz-like continuous conditions are used to handle uncertainties. The learning controller is
designed on the basis of those measurable partial elements of the state vector through a Lyapunov approach. With the control law
in application, as cycles increase, the system output can perfectly track the desired trajectory over the full period, thus achieving
excellent control performances and guaranteeing bounded system variables. Numerical results are presented to demonstrate the
effectiveness of the learning control scheme.
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[0, T ]

:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ1k = x2k,

ẋ2k = x3k,

· · · = · · · ,
ẋm−1k = xmk,

ẋmk = xm+1k + b1φ(xxxak, t) + b1g(xxxak, t)uk,

ẋm+1k = xm+2k + b2φ(xxxak, t) + b2g(xxxak, t)uk,

· · · = · · · ,
ẋn−1k = xnk + bn−mφ(xxxak, t) + bn−mg(xxxak, t)uk,

ẋnk = bn−m+1φ(xxxak) + bn−m+1g(xxxak, t)uk,

yk = h0(xxxak).

(1)

, k(= 0, 1, 2, · · · ) , t ∈ [0, T ],

xxxk = [x1k, · · · , xmk, · · · , xnk]
T ∈ Rn, xxxk m

, n − m + 1 , φ(·, ·) ∈
R g(·, ·) ∈ R , 1

2, yk ∈ R uk ∈ R

. b1 > 0, bi(i = 2, · · · , n − m + 1) Hurwitz

p(s) = sn−m+bn−m+1s
n−m−1+· · · b3s+b2 .

, xxxk(T ) = xxxk+1(0).

xxxak = [x1k, · · · , xmk]
T,

,

ẋxxk = Axxxk + bbb(φ(xxxak, t) + g(xxxak, t)uk),

yk = h0(xxxak). (2)

,

A =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 1 0 · · · 0

0 0 1 · · · 0
...

...
...

...

0 0 0 · · · 1

0 0 0 · · · 0

⎞
⎟⎟⎟⎟⎟⎟⎠

, bbb =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
...

0

b1
...

bn−m+1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

uk,

, yk [0, T ]

yd , . yd

, yd(0) = yd(T ),

ẋxxd = Axxxd + bbbφ(xxxad, t) + bbbg(xxxad, t)ud

yd = h0(xxxad) (3)

, , xxxd = [x1d, x2d, · · · , xnd]
T.

, (1) :

1. gm(xxxak, t), 0 <

gm(xxxak, t) ≤ g(xxxak, t).

2. f(·, ·) g(·, ·) :

ξξξ1 ∈ Rm ξξξ2 ∈ Rm,

|φ(ξξξ1, t)− φ(ξξξ2, t)| ≤ αφ(ξξξ1, ξξξ2, t)‖ξξξ1 − ξξξ2‖

|g(ξξξ1, t)− g(ξξξ2, t)| ≤ αg(ξξξ1, ξξξ2, t)‖ξξξ1 − ξξξ2‖

. , αφ(·, ·, t) αg(·, ·, t) .

, ,

φ(xxxak, t) g(xxxak, t) gm(xxxak, t) φak gk gmk,

t τ .
1. [3] 3

ẋxxk = Axxxk + bbb(φ(xxxak, t) +
1

ν
uk) (4)

yk = h0(xxxk)

, ν ,

.

3

, b1=1. (1)

zik = xik, 1 ≤ i ≤ m

ηik = xm+ik − bi+1kxmk 1 ≤ i ≤ n−m (5)

⎧⎪⎨
⎪⎩

żik = zi+1k, 1 ≤ i ≤ m− 1

żmk = η1k + b2zmk + φak + gkuk,

η̇ηηk = Γηηηk + b̄bbzmk,

(6)

,

Γ =

⎛
⎜⎜⎜⎜⎜⎜⎝

−b2 1 0 · · · 0

−b3 0 1 · · · 0
...

... · · · · · · ...

−bn−m 0 0 · · · 1

−bn−m+1 0 0 · · · 0

⎞
⎟⎟⎟⎟⎟⎟⎠

, (7)

b̄bb =

⎛
⎜⎜⎜⎜⎜⎜⎝

b3 − b22
b4 − b3b2

...

bn−m+1 − bn−mb2
−bn−m+1b2

⎞
⎟⎟⎟⎟⎟⎟⎠

. (8)

, P2 Q2,

P2Γ + ΓTP2 = −Q2. (9)
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(3)

zid = xid, 1 ≤ i ≤ m

ηid = xm+id − bi+1dxmd, 1 ≤ i ≤ n−m (10)

⎧⎪⎨
⎪⎩

żid = zi+1d, 0 ≤ i ≤ m− 1

żmd = η1d + b2zmd + φad + gdud

η̇ηηd = Γηηηd + b̄bbzmd.

(11)

z̃zzk = zzzk − zzzd, η̃ηηk = ηηηk − ηηηd. (6) (11) ,⎧⎪⎪⎨
⎪⎪⎩

˙̃zik = z̃i+1k, 1 ≤ i ≤ m− 1

˙̃zmk = η̃1k + b2z̃mk + φak − φad + gkuk − gdud,

˙̃ηηηk = Γη̃ηηk + b̄bbz̃mk,

(12)

⎧⎪⎪⎨
⎪⎪⎩

˙̃zzzk = Azz̃zzk + bbbz(ccc
Tz̃zzk + η̃1k + b2z̃mk

+ φak − φad + gkuk − gdud),

˙̃ηηηk = Γη̃ηηk + b̄bbz̃mk,

(13)

,

Az =

⎛
⎜⎜⎜⎝

0 1 · · · 0

0 1 · · · 0
...

...
...

−c1 −c2 · · · −cm

⎞
⎟⎟⎟⎠ , bbbz =

⎛
⎜⎜⎜⎝
0

0
...

1

⎞
⎟⎟⎟⎠ .

ci(i = 1, 2, · · · ,m) Hurwitz h(s) = sm +

cmsm−1 + · · · c2s + c1 , ccc = (0, c1, c2, · · · , cm)T.

P1 Q1, P1Az +

AT
z P1 = −Q1. (1) :

uk = udk − γ1 + γ2
gm

z̃zzTk P1bbbz (14)

udk = sat(u∗dk)

u∗dk = sat(u∗dk−1)− γ3z̃zz
T
k P1bbbz (15)

γ1 (23), γ2 > 0, γ3 > 0. sat(·) :

ϑ ∈ R,

sat(ϑ) �
{

ϑ, |ϑ| < ϑ̄

ϑ̄sgn(ϑ), |ϑ| ≥ ϑ̄.
(16)

4

(14) (1) ,

1 .

1. 1-3 , (1) (14)

(15) ,

, yk [0, T ]

yd, lim
k→∞

eyk(t) = yk(t) − yd(t) = 0, ∀t ∈ [0, T ],

.

k Lyapunov

Lk = Vk +
1

2γ3

∫ t

0

gd(udk − ud)
2dτ, (17)

Vk = 1
2 z̃zz

T
k P1z̃zzk + 1

2 η̃ηη
T
k P2η̃ηηk. (13)

Vk =Vk(0)− 1

2

∫ t

0

(z̃zzTkQ1z̃zzk + η̃ηηTkQ2η̃ηηk)dτ

+

∫ t

0

z̃zzTk P1bbbz(ccc
Tz̃zzk + η̃1k + b2z̃mk + φak − φad

+ gkuk − gdud)dτ +

∫ t

0

η̃ηηTk P2b̄bbz̃mkdτ (18)

∫ t

0

z̃zzTk P1bbbz(ccc
Tz̃zzk + φak − φad)dτ

≤
∫ t

0

|z̃zzTk P1bbbz|(αφk + ‖ccc‖)‖z̃zzk‖dτ

≤ μ1

2

∫ t

0

‖z̃zzk‖2dτ

+
1

2μ1

∫ t

0

(αφk + ‖ccc‖)2(z̃zzTk P1bbbz)
2dτ

∫ t

0

z̃zzTk P1bbbz(gkuk − gdud)dτ

=

∫ t

0

z̃zzTk P1bbbz(gkuk − gkudk + gkudk − gdudk

+ gdudk − gdud)dτ

≤
∫ t

0

z̃zzTk P1bbbz(gkuk − gkudk + gdudk − gdud)dτ

+
μ2

2

∫ t

0

‖z̃zzk‖2dτ +
1

2μ2

∫ t

0

(αgkudkz̃zz
T
k P1bbbz)

2dτ,

,

z̃zzTk P1bbbz(η̃1k + b2z̃mk)

≤ (
1

2μ3
+

1

2μ4
)(z̃zzTk P1bbbz)

2 +
1

2
μ3η̃

2
1k +

1

2
μ4b

2
2z̃

2
mk,

(18),

Vk

≤Vk(0)− 1

2

∫ t

0

(
z̃zzTkQ1z̃zzk + η̃ηηTkQ2η̃ηηk

)
dτ

+

∫ t

0

[
1

2μ1
(αφk + ‖ccc‖)2 + 1

2μ2
(αgkudk)

2](z̃zzTk P1bbbz)
2dτ

+

∫ t

0

(
1

2μ3
+

1

2μ4
)(z̃zzTk P1bbbz)

2dτ

+

∫ t

0

(
1

2
μ3η̃

2
1k +

1

2
μ4b

2
2z̃

2
mk)dτ

+

∫ t

0

z̃zzTk P1bbbz(gkuk − gkudk + gdudk − gdud)dτ

+

∫ t

0

η̃ηηTk P2b̄bbz̃mkdτ +
μ1 + μ2

2

∫ t

0

‖z̃zzk‖2dτ (19)
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, μ3 > 0 μ4 > 0 .

∫ t

0

η̃ηηTk P2b̄bbz̃mkdτ +

∫ t

0

1

2
μ4b

2
2z̃

2
mkdτ

≤ 1

2μ5

∫ t

0

η̃ηηTk η̃ηηkdτ +

∫ t

0

(
1

2
μ5‖P2b̄bb‖+ 1

2
μ4b

2
2)z̃

2
mkdτ

≤ 1

2μ5

∫ t

0

η̃ηηTk η̃ηηkdτ + (
1

2
μ5‖P2b̄bb‖+ 1

2
μ4b

2
2)

∫ t

0

‖z̃zzk‖2dτ

(19),

Vk

≤Vk(0)− 1

2

∫ t

0

(
z̃zzTkQ1z̃zzk + η̃ηηTkQ2η̃ηηk

)
dτ

+

∫ t

0

[
1

2μ1
(αφk + ‖ccc‖)2 + 1

2μ2
(αgkudk)

2 +
1

2μ3

+
1

2μ4
](z̃zzTk P1bbbz)

2dτ

+

∫ t

0

1

2
μ3η̃

2
1kdτ +

1

2μ5

∫ t

0

η̃ηηTk η̃ηηkdτ

+

∫ t

0

z̃zzTk P1bbbz(gkuk − gkudk + gdudk − gdud)dτ

+ (
μ1

2
+

μ2

2
+

1

2
μ5‖P2b̄bb‖+ 1

2
μ4b

2
2)

∫ t

0

‖z̃zzk‖2dτ
(20)

P1 P2 μ1 μ2 μ3 μ4 μ5,

λq1 ≥ μ1

2
+

μ2

2
+

1

2
μ5‖P2b̄bb‖+ 1

2
μ4b

2
2 (21)

λq2 >
μ3

2
+

1

2μ5
. (22)

, , λq1 λq2 Q1 Q2

.

γ1 =
1

2μ1
(αφk + ‖ccc‖)2

+
1

2μ2
(αgkudk)

2 +
1

2μ3
+

1

2μ4
, (23)

(20)

Vk ≤Vk(0) +

∫ t

0

γ1(z̃zz
T
k P1bbbz)

2dτ − μ6

2

∫ t

0

η̃ηηTk η̃ηηkdτ

+

∫ t

0

z̃zzTk P1bbbz(gkuk − gkudk + gdudk − gdud)dτ

, μ6 = λq2 − μ3

2 + 1
2μ5

. (14) ,

Vk ≤Vk(0)−
∫ t

0

γ2(z̃zz
T
k P1bbbz)

2dτ − μ6

2

∫ t

0

η̃ηηTk η̃ηηkdτ

+

∫ t

0

z̃zzTk P1bbbz(gdudk − gdud)dτ (24)

(24) (17), k > 0 ,

Lk − Lk−1

≤Vk(0)− Vk−1 −
∫ t

0

γ2(z̃zz
T
k P1bbbz)

2dτ

− μ6

2

∫ t

0

η̃ηηTk η̃ηηkdτ +

∫ t

0

z̃zzTk P1bbbzgd(udk − ud)dτ

+
1

2γ3

∫ t

0

gd[(udk − ud)
2 − (udk−1 − ud)

2]dτ (25)

(15)

1

2γ3
[(udk − ud)

2 − (udk−1 − ud)
2]

+ z̃zzTk P1bbbz(udk − ud)

≤ 1

γ3
(ud − udk)(−udk + udk−1 − γ3z̃zz

T
k P1bbbz)

=
1

γ3
(ud − sat(u∗dk))(u

∗
dk − sat(u∗dk))

≤ 0. (26)

(26) (25),

Lk − Lk−1 ≤Vk(0)− Vk−1 −
∫ t

0

γ2(z̃zz
T
k P1bbbz)

2dτ

− μ6

2

∫ t

0

η̃ηηTk η̃ηηkdτ (27)

,

Lk(T )− Lk−1(T )

≤−
∫ T

0

γ2(z̃zz
T
k P1bbbz)

2dτ − μ6

2

∫ T

0

η̃ηηTk η̃ηηkdτ (28)

Lk(T ) ≤L0(T )−
k∑

j=1

∫ T

0

γ2(z̃zz
T
j P1bbbz)

2dτ

− μ6

2

k∑
j=1

∫ T

0

η̃ηηTj η̃ηηjdτ (29)

L0(t) , L0(T ) ,

Lk(T ) , lim
k→+∞

∫ T

0
(z̃zzTk P1bbbz)

2dτ =

0 lim
k→+∞

∫ T

0
η̃ηηTk η̃ηηkdτ = 0.

‖ ˙̃zzzk‖ < +∞, z̃zzk ,

lim
k→+∞

z̃zzk = 000. (30)

, lim
k→+∞

eyk(t) = 0, t ∈ [0, T ].

, k → +∞ ,

˙̃ηηηk = Γη̃ηηk (31)

Γ , lim
k→+∞

η̃ηηk(t) = 000.

,

, . �
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Lipschitz

. ,

.

[3] ; ,

.

5

[0, T ]⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

ẋ1k = x2k,

ẋ2k = x3k + b1φ(xxxak, t) + b1g(xxxak, t)uk,

ẋ3k = x4k + b2φ(xxxak, t) + b2g(xxxak, t)uk,

ẋ4k = b3φ(xxxak, t) + b3g(xxxak, t)uk,

yk =x1k.

(32)

, t ∈ [0, T ], b1 = 1, b2 = 1, b3 = 2, xxxak =

[x1k, x2k] , x3k x4k

, φ(xxxak, t) = −0.1x2k − x3
1k + cos(t), g(xxxak, t) = 1 +

0.01x2
1k+0.005x2

2k, φ(xxxak, t) g(xxxak, t) .

x10(0) = 1.5, x20(0) = 2, x30(0) = 1, x40(0) = 0.

, ,

yk = x1k yd = x1d = cos(2πt) .

gm(xxxak, t) = 1, αfk = 0.1+ |x2
1d+x2

1k+x1dx1k|, αgk =

0.01|x1d+x1k|+0.005|x2d+x2k|.
, 1 2.

Az =

(
0 1

−1 −2

)
, P1 =

(
75 25

25 25

)
,

P2 =

(
7.5 −2.5

−2.5 5

)
,

(14) , μ1 = μ2 =

μ3 = μ4 = μ5 = 1, 80 ,

1- 4 . 1 2 , 80

, yk yd. 3

80 . 4 Jk ,

Jk � maxτ∈[0,T ]

(
eeeTakP1eeeak

)
, eeeak = xxxak − [yd, ẏd]

T.

t

y
,
y
d

1 yk yd

t

e
y

2 ey

t

u

3

k

J
k

4 Jk

,

,

,

.

6

, ,

. Lipschitz
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