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1 Introduction

Since Uchiyama [1] and Arimoto [2, 3] put forward the iter-
ative learning control (ILC for short), ILC has been extend-
ed to tracking tasks with iteratively varying reference tra-
jectories [4, 5, 6, 7] and fractional ILC issues [8, 9, 10, 11].
It should be noted that the contribution of [12] pointed out
that how to deal with iteration-varying factors became a
focus of ILC research. To deal with iteratively varying
reference trajectories, high-order internal models (HOIM
for short) is an effective method. A method (HOIM) can
be formulated as a polynomial, which will help ILC with
HOIM able to complete various tasks, such as XY-table,
robotic manipulator and so on. It is remarkable that Liu et
al. [13] applied the learning law with HOIM, and gave the
convergence analysis. His work has important implications
for our research.

Impulsive phenomenon can be understood as a kind of in-
stantaneous mutation. In modern science and technolo-
gy, the practical problems in various fields are ubiquitous.
The mathematical model can be attributed to impulsive d-
ifferential systems [14, 15, 16, 17], which can reflect the
changes of things more deeply and more accurately. Hence,
it is necessary for us to study the control systems with im-
pulsive terms.

In this work, we explore the extension of HOIM for im-
pulsive differential systems based on the paper [13], and
provide the convergence analysis of ILC with HOIM for
impulsive differential systems. We try to design some ILC
law to generate the control input uk(·) such that the impul-
sive system output yk(·) tracks the iteratively varying refer-
ence trajectories rk(·) as accurately as possible as k → ∞
for a.e. t ∈ [0, T ] in the sense of λ-norm.

This work is partially supported by Natural Science Foundation
of China (11261011,11201091), Unite Foundation of Guizhou Province
([2015]7640) and Outstanding Scientific and Technological Innovation
Talent Award of Education Department of Guizhou Province ([2014]240).

The rest of this paper is organized as follows. In Section 2,
we present problem formulation and lemmas. In Section 3,
we give result of P-type ILC for impulsive differential sys-
tems. In Section 4, we give result of D-type ILC. Examples
are given in Section 5 to demonstrate the application of our
main results.

2 Problem formulation

Throughout this paper, let PC([0, T ], Rn) be the s-
pace of all piecewise continuous continuous function-
s from [0, T ] into Rn endowed with λ norm: ‖x‖λ =
supt∈[0,T ] e

−λt‖x(t)‖, where λ > 0. Let ‖x‖
denotes a vector norm such as the Euclidean nor-
m for a n-dimensional vector x, and ‖E(t)‖ =
maxt∈[0,T ]

∑
1≤i,j≤n |ei,j(t)| denotes a norm for a matrix

function E(t) = (ei,j(t)), where ei,j ∈ C([0, T ], R).
Motivated by [13, Definition 2], we consider the iteratively
varying reference trajectories with HOIM:

rk+1 = H(w−1)rk, (1)

where rk+1 the k + 1-times iteratively varying reference
trajectories, H(w−1) = H1+H2w

−1+ · · ·+Hmw−m+1,
Hj = hjIn×n, j = 1, · · ·m are diagonal matrices, hj

are coefficients of a stable polynomial (including marginal
stability)

1− h1w
−1 − h2w

−2 − · · · − hmw−m, (2)

where function of factor w−1 is w−1rk+1 = rk.
From (1) and (2), the reference trajectories with the HOIM
can be expressed in a matrix form

rk+1(t) = H1rk(t) + · · ·+Hmrk−m+1(t). (3)

Obviously, m initial trajectories r0(t), · · · , r1−m(t) are re-
quired to determine the regressor. The condition for ini-
tial states required by HOIM-based ILC is xk+1(0) =
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H(w−1)xk(0). When H(w−1) = 1, it means that
xk+1(0) = xk(0), k = 1, 2, · · ·.
In this paper, we mainly consider impulsive systems⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ẋk(t) = A(t)xk(t) +B(t)uk(t),

t ∈ [0, T ]\{t1, · · · , tN},
xk(t

+
j )− xk(t

−
j ) = Ij(xk(t

−
j )), j = 1, 2, · · · , N,

yk(t) = C(t)xk(t) +D(t)uk(t),

(4)

As for (4), the subscript k denotes the kth learning iteration,
t ∈ [0, T ], A(·), B(·), C(·), D(·) ∈ C([0, T ], Rn×n), and
both of them are uniform bounded. Ij : Rn×1 → Rn×1

is Lipschitz continuous with the constant Lj > 0 and Ij
has linear property. Fixed time tj satisfying 0 = t0 <
t1 < · · · < tN < tN+1 = T , the symbols x(t+j ) :=

limε→0+ x(tj + ε) and x(t−j ) := limε→0− x(tj + ε) repre-
sent the right and left limits of x(t) at t = tj respectively.
The vectors xk(·), yk(·) and uk(·) ∈ Rn×1, xk(·), uk(·)
and yk(·) are state, input and output vectors, respective-
ly. Let rk(t) be the iteratively varying reference trajecto-
ries and ek(t) = rk(t) − yk(t) be the tracking error. For
the systems (4), we consider P-type ILC law with the mth-
order internal model(see [13, Formula (7)])

uk+1(t) = H(w−1)uk + Γ(w−1)ek

= H1uk(t) + + · · ·+Hmuk−m+1(t)

+Γ1ek(t) + + · · ·+ Γmek−m+1(t) (5)

Γ(w−1) = Γ1 + Γ2w
−1 + · · · + Γmw−m+1, Γj be the

diagonal learning gain matrices.
Next, we still consider the impulsive systems (4) with
D(t) = 0, we consider D-type ILC law with the mth-order
internal model(see [13, Formula (17)])

uk+1(t) = H1uk(t) + · · ·+Hmuk−m+1(t)

+Γ1ėk(t) + · · ·+ Γmėk−m+1(t) (6)

or uk+1 = H(w−1)uk + Γ(w−1)ėk.

Lemma 2.1. (see [18]) Let for t ≥ 0, the following in-
equality hold

x(t) ≤ a(t) + b

∫ t

0

x(s)ds+
∑

0<t<tk

ζkx(tk),

where x, a ∈ PC
(
[0,∞], R+

)
, and a is nondecreasing

and b, ζk > 0. Then, for t ≥ 0, the following inequality
is valid:

x(t) ≤ a(t)
∏

0<t<tk

(1 + ζk)e
bt.

Lemma 2.2. (see [19, Lemma 3]) Let {ak} be a real se-
quence defined as ak ≤ p1ak−1+p2ak−2+· · ·+pmak−m+
dk, k > m, where dk is a specified real sequence, d is con-
stant. If p1, p2, · · · , pm are nonnegative numbers satisfying∑m

j=1 pj < 1. Then lim supk→∞ dk ≤ d implies that

lim sup
k→∞

ak ≤ d

1−∑m
j=1 pj

.

3 Convergence analysis of P-type

At beginning, we impose the following assumptions:
(A1) xk(0) = xd(0).
(A2) Ij : R

n×1 → Rn×1, j = 1, · · ·N is Lipschitz contin-
uous and Ij has linear property. It means that there is the
constant Lj > 0 such that

‖Ij(x)− Ij(x̂)‖ ≤ Lj‖xk − x̂‖
and

Ij(H(w−1)x) = H(w−1)Ij(x).

for any x, x̂ ∈ Rn and all t ∈ [0, T ].
(A3) Learning gains Γj are chosen such that for∑m

j=1 ηj < 1 where ηj := ‖Hj − D(t)Γj‖, j =
1, 2, · · · ,m. Now we are ready to present the main result.

Theorem 3.1. For the system (4) and reference trajectories
(1), assumptions (A1)− (A3) hold, The P-type ILC law (5)
guarantees that limk→∞ sup ‖rk − yk‖ → 0 in the sense
of λ-norm.

Proof. By [13, (9)], we have

‖ek+1(t)‖ ≤ ‖H1 −D(t)Γ1‖‖ek(t)‖+ · · ·
+‖Hm −D(t)Γm‖‖ek−m+1(t)‖

+‖C(t)‖‖xk+1(t)−H(w−1)xk(t)‖. (7)

Now we need to evaluate the term xk+1−H(w−1)xk of (7).
Let Δxk(t) := xk+1(t) − H(w−1)xk(t). For t ∈ [0, T ],
we have

‖Δxk(t)‖ ≤ ∫ t

0
[‖A(t)‖‖xk+1(s)−H(w−1)xk(s)‖

+‖B(t)‖‖uk+1(s)−H(w−1)uk(s)‖]ds
+
∑

0<tj<t ‖Ij(xk+1(t
−
j ))−H(w−1)Ij(xk(t

−
j ))‖. (8)

According to (A2), we could obtain

‖Ij(xk+1(t
−
j ))−H(w−1)Ij(xk(t

−
j ))‖

≤ Lj‖xk+1(t
−
j )−H(w−1)xk(t

−
j )‖. (9)

Submitting (9) to (8), we obtain

‖Δxk(t)‖ ≤
∫ t

0

‖B(t)‖‖uk+1(s)−H(w−1)uk(s)‖ds

+

∫ t

0

‖A(t)‖‖xk+1(s)−H(w−1)xk(s)‖ds

+
∑

0<tj<t

Lj‖xk+1(t
−
j )−H(w−1)xk(t

−
j )‖.

Using Lemma 2.1, the above inequality becomes:

‖Δxk(t)‖ ≤ ‖B(t)‖
∏

0<tk<t

(1 + Lj)e
‖A(t)‖t

×
∫ t

0

‖uk+1(s)−H(w−1)uk(s)‖ds.

Linking with (5), we get

‖Δxk(t)‖ ≤ ‖B(t)‖
∏

0<tk<t

(1 + Lj)e
‖A(t)‖t
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×
∫ t

0

‖Γ(w−1)ek(s)‖ds

≤ ‖B(t)‖
∏

0<tk<t

(1 + Lj)e
‖A(t)‖t

×
∫ t

0

[‖Γ1‖‖ek(s)‖
+ · · ·+ ‖Γm‖‖ek−m+1(s)‖]ds. (10)

Liking (7) and (10) we get

‖ek+1(t)‖ ≤ ‖H1 −D(t)Γ1‖‖ek(t)‖+ · · ·
+ ‖Hm −D(t)Γm‖‖ek−m+1(t)‖

+ ρ1
∏

0<tk<t

(1 + Lj)e
‖A(t)‖t

∫ t

0

‖ek(s)‖ds

+ · · ·+ ρm
∏

0<tk<t

(1 + Lj)e
‖A(t)‖t

×
∫ t

0

‖ek−m+1(s)‖ds,

where ρj = ‖C(t)‖‖B(t)‖‖Γj‖, j = 1, 2, · · · ,m. Thus,

‖ek+1(t)‖ ≤ ‖H1 −D(t)Γ1‖‖ek(t)‖+ · · ·
+ ‖Hm −D(t)Γm‖‖ek−m+1(t)‖

+ ρ1‖ek‖λ e
λt

λ

∏
0<tk<t

(1 + Lj)e
‖A(s)‖t

+ · · ·+ ρm‖ek−m+1‖λ e
λt

λ

×
∏

0<tk<t

(1 + Lj)e
‖A(t)‖t, (11)

where we use the fact∫ t

0

‖ek(s)‖ds ≤ ‖ek‖λ e
λt

λ
.

So, we take λ-norm for inequality (11), we obtain

‖ek+1‖λ ≤ (η1 + δ1)‖ek‖λ + (η2 + δ2)‖ek−1‖λ
+ · · ·+ (ηm + δm)‖ek−m+1‖λ, (12)

where

δi =
ρi
λ

∏
0<tk<T

(1 + Lj)e
‖A(t)‖T , i = 1, 2, · · · ,m.

Since δi are arbitrarily small with sufficiently large λ and∑m
j=1 ηj < 1, by Lemma 2.2 one can complete the proof.

In the following sequels, we consider one possible exten-
sion of HOIM-based ILC.
We consider impulsive systems with integrator⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ẋk(t) = A(t)xk(t) +B(t)uk(t) + p(t),

t ∈ [0, T ]\{t1, · · · , tN},
xk(t

+
j )− xk(t

−
j ) = Ij(xk(t

−
j )), j = 1, 2, · · · , N,

yk(t) = C(t)xk(t) +D(t)uk(t) + d(t),

(13)

where p(t) denotes iteration-invariant state disturbances
and d(t) denotes output disturbances.
Like [13], we set

Ha(w
−1) = (I +H1) + (H2 −H1)w

−1 + · · ·
+ (Hm −Hm−1)w

m−1 −Hmw−m,

Γa(w
−1) = Γ1 + Γ2w

−1 + · · ·+ Γmw−m+1.

We take P-type ILC law that employs the mth-order inter-
nal model like

uk+1 = Ha(w
−1)uk + Γa(w

−1)ek. (14)

From [13, Formula (24)], we know that w−1d(t) = d(t)
and Ha(w

−1)d(t) = d(t).

Theorem 3.2. For the system (13) and reference trajec-
tories (3), apply the P-type ILC law (14). Assume that
assumptions(A1) − (A3) hold, The P-type ILC law (14)
guarantees that limk→∞ sup ‖rk − yk‖ → 0 in the sense
of λ-norm.

Proof. According to [13] and the property Ha(w
−1)d(t) =

d(t), the output tracking errors can be expressed as

ek+1(t) = Ha(w
−1)ek(t)

− D(t)[uk+1 − (t)Ha(w
−1)uk(t)]

− C(t)[xk+1(t)−Ha(w
−1)xk(t)].

Then,

‖ek+1(t)‖
= ‖Ha(w

−1)ek(t)−D(t)[uk+1(t)−Ha(w
−1)uk(t)]

−C(t)[xk+1(t)−Ha(w
−1)xk(t)]‖

≤ ‖Ha(w
−1)ek(t)‖+

‖D(t)‖‖uk+1(t)−Ha(w
−1)uk(t)‖

+‖C(t)‖‖xk+1(t)−Ha(w
−1)xk(t)‖.

Set Δxk(t) := xk+1(t) − Ha(w
−1)xk(t), Δuk(t) :=

uk+1(t) − Ha(w
−1)uk(t). Analogous to Theorem 3.1 in

deriving ‖Δxk(t)‖, we have

‖Δxk(t)‖ ≤ ∫ t

0
[‖A(t)‖‖xk+1(s)−Ha(w

−1)xk(s)‖
+‖B(t)‖‖uk+1(s)−Ha(w

−1)uk(s)‖]ds
+
∑

0<tj<t ‖Ij(xk+1(t
−
j ))−Ha(w

−1)Ij(xk(t
−
j ))‖,

because p−Ha(w
−1)p = 0.

One can make fundamental computation to derive that

‖Ij(xk+1(t
−
j ))−Ha(w

−1)Ij(xk(t
−
j ))‖

≤ Lj‖xk+1(t
−
j )−Ha(w

−1)xk(t
−
j )‖

+‖Ij(Ha(w
−1)xk(t

−
j ))−Ha(w

−1)Ij(xk(t
−
j ))‖,

and

‖Ij(H(w−1)xk(t
−
j ))−Ha(w

−1)Ij(xk(t
−
j ))‖ = 0.

Therefore, we obtain

‖Δxk(t)‖ ≤ ∫ t

0
‖B(t)‖‖uk+1(s)−Ha(w

−1)uk(s)‖ds
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+
∫ t

0
‖A(t)‖‖xk+1(s)−Ha(w

−1)xk(s)‖ds
+
∑

0<tj<t Lj‖xk+1(t
−
j )−Ha(w

−1)xk(t
−
j )‖.

As a consequence, the asymptotic learning convergence
can be derived by following the same procedure in the
proof of Theorem 3.1 with H(w−1) replaced by Ha(w

−1)
and Γ(w−1) replaced by Γa(w

−1).

Remark 3.3. As for nonlinear impulsive differential sys-
tem⎧⎪⎨
⎪⎩

ẋk(t) = f(t, xk(t), uk(t)), t ∈ [0, T ]\{t1, · · · , tN},
xk(t

+
j )− xk(t

−
j ) = Ij(xk(t

−
j )), j = 1, 2, · · · , N,

yk(t) = C(t)xk(t) +D(t)uk(t),

If nonlinear term f satisfies Lipschitz condition, there is a
positive constant Lf > 0 such that

‖f(t, xk+1(t), uk+1(t))

−f(t,H(w−1)xk(t), H(w−1)uk(t))‖
≤ Lf

(
‖xk+1(t)−H(w−1)xk(t)‖

+‖uk+1(t)−H(w−1)uk(t)‖
)
,

for each t ∈ (tj , tj+1], j = 1, 2, · · ·N − 1, then we can
use P-type ILC to study the convergence of the output of the
system and obtain similar results.

4 Convergence analysis of D-type

In this section, we study systems (4) with D(t) = 0, the
matrix C(t)B(t) ∈ C([0, T ], Rq×q) is of full rank, D-type
ILC law (6) would be used. The learning convergence can
be derived analogous to the P-type.
(A4) Learning gains Γj are chosen such that for∑m

j=1 ηj < 1 where ηj := ‖Hj − C(t)B(t)Γj‖, j =
1, 2, · · · ,m and ek(0) = 0.

Theorem 4.1. For the system (4) with D(t) = 0 and
reference trajectories (3). Assumptions(A1) − (A2) and
(A4) hold, The D-type ILC law (6) guarantees that
limk→∞ sup ‖rk − yk‖ → 0 in the sense of λ-norm.

Proof. By [13, (18)] and the matrix C(t)B(t) is of full rank
implies that Hi − C(t)B(t)Γi is well defined, we have

‖ek+1(t)‖ ≤ ‖H1 − C(t)B(t)Γ1‖‖ėk(t)‖
+ · · ·+ ‖Hm − C(t)B(t)Γm‖‖ėk−m+1(t)‖
+‖C(t)‖‖A(t)‖‖xk+1(t)−H(w−1)xk(t)‖. (15)

Let Δxk(t) � xk+1(t) − H(w−1)xk(t), and repeat the
similar procedure of Theorem 3.1 via Lemma 2.1, one can
obtain

‖Δxk(t)‖ ≤ ‖B(t)‖∏0<tk<t(1 + Lj)e
‖A(t)‖t

× ∫ t

0
[‖Γ1‖‖ėk(s)‖+ · · ·+ ‖Γm‖‖ėk−m+1(s)‖]ds.

Hence, we get

‖ėk+1(t)‖ ≤ ‖H1 − C(t)B(t)Γ1‖‖ėk(t)‖+ · · ·

+‖Hm − C(t)B(t)Γm‖‖ėk−m+1(t)‖
+ρ1

∏
0<tk<t(1 + Lj)e

‖A(t)‖t ∫ t

0
‖ėk(s)‖ds+ · · ·

+ρm
∏

0<tk<t(1 + Lj)e
‖A(t)‖t ∫ t

0
‖ėk−m+1(s)‖ds,

where ρj = ‖C(t)‖‖A(t)‖‖B(t)‖‖Γj‖, j = 1, 2, · · · ,m.
Similar to the proof of Theorem 3.1 , we obtain

‖ėk+1‖λ ≤ (η1 + δ1)‖ėk‖λ + (η2 + δ2)‖ėk−1‖λ
+ · · ·+ (ηm + δm)‖ėk−m+1‖λ, (16)

where

δi =
ρi
λ

∏
0<tk<T

(1 + Lj)e
‖A(t)‖T , i = 1, 2, · · · ,m.

Comparing (16) with (12), we can see the analogy excep-
t for the substitution of quantity ek with ėk, and D(t) by
C(t)B(t). The convergence of the sequence ėk can be con-
cluded straightforward. As a result, the convergence of ek
is easy to obtained by using integration by parts. The proof
is completed.

5 Simulation examples

In this section, a numerical example is presented to demon-
strate the validity of the designed method. For simplicity,
the following example, we consider first order HOIM as
H(w−1) = −1, it is used in the robot arm.
Example 4.1 Consider the following impulsive differential
equations:⎧⎪⎪⎪⎨

⎪⎪⎪⎩

ẋk(t) = sin t · xk(t) + sin(t+ 1)uk(t),

t ∈ [0, 1]\{0.3, 0.6},
xk(t

+
1 )− xk(t

−
1 ) = 0.2xk(t

−
1 ), t1 = 0.3,

yk(t) = xk(t) + cos tuk(t),

(17)

and choose the P-type iterative learning control law as fol-
lows:

uk+1(t) = −uk+1(t)− 0.8ek(t).

The original reference trajectory is given as:

r(t) =

⎧⎪⎨
⎪⎩

2 sin(2πt)t, t ∈ [0, 0.3],

2 sin(2πt)t+ 1, t ∈ (0.3, 0.6],

2 sin(2πt)t+ 2, t ∈ (0.6, 1].

As for t ∈ [0, 1], we set A(t) = sin(t), B(t) = sin(t+1),
C(t) = 1, D(t) = cos(t), I1(xk(t

−
1 )) = 0.2xk(t

−
1 ), t1 =

0.3. Obviously, L1 = 0.2. Set H1 = −1 and Γ1 = −0.8.
It is not difficult to verify that |H1 −D(t)Γ1| < 1, (A1)−
(A3) are satisfied. Obviously, All the conditions of Theo-
rem 3.1 are satisfied, then limk→∞ sup ‖rk − yk‖ → 0.
The upper figure of Figure 1 shows the system (17) out-
put yk of the 10th iterations and the reference trajectory
yd. The lower figure of Figure 1 shows the L2-norm of the
tracking error in each iteration.
Example 5.2 Consider the following differential equations:⎧⎪⎨
⎪⎩

ẋk(t) = etxk(t) + sin(t)uk(t), t ∈ [0, 1]\{0.5},
xk(t

+
1 )− xk(t

−
1 ) = 0.02xk(t

−
1 ), t1 = 0.5,

yk(t) = 1.2xk(t),

(18)
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Figure 1: The system output and the tracking error.

Figure 2: The system output and the tracking error.

and choose the D-type iterative learning control law as fol-
lows:

uk+1(t) = −uk+1(t)− 6.5ėk(t).

The original reference trajectory is given as:

r(t) =

{
12t2(0.85− t)2, t ∈ [0, 0.5],

12t2(0.85− t)2 + t, t ∈ (0.5, 1].

As for t ∈ [0, 1], we set A(t) = et, B(t) = sin(t), C(t) =
1.2, D(t) = 0, I1(xk(t

−
1 )) = (−1)k(0.02xk(t

−
1 ) +

0.05), t1 = 0.5. Obviously, L1 = 0.02. Set H1 =
−1 and Γ1 = −0.65. It is not difficult to verify that
|H1 − C(t)B(t)Γ1| < 1, (A1) − (A2) and (A5) are sat-
isfied. Obviously, All the conditions of Theorem 4.1 are
satisfied, then limk→∞ sup ‖rk − yk‖ → 0.
The following figure of Figure 2 shows the system (18) out-
put yk of the 10th iterations and the reference trajectory
yd. The lower figure of Figure 2 shows the L2-norm of the
tracking error in each iteration.
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