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Abstract: In this paper, we introduce a new adaptive iterative learning control (AILC) scheme based on a time scaling
factor, which enables learning from control tasks with different magnitude and time scales. The proposed AILC scheme
overcomes the limitation of traditional ILC that the target trajectory must be identical in all iterations. In addition,
the requirement on classic ILC that every trial must repeat in a fixed time duration is removed. For nonlinear systems
with time-invariant and time-varying parametric uncertainties, the new learning algorithm works effectively to nullify
the tracking error. It is shown that the new AILC is capable of fully utilizing all the learned knowledge despite the
iteratively varying tracking tasks. In the end, an illustrative example is presented to demonstrate the performance and the
effectiveness of the proposed AILC scheme.
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1 INTRODUCTION

Iterative learning control (ILC) is one kind of control
methodology effectively dealing with repeated tracking
control problem or periodic disturbance rejected problems.
ILC was initially proposed in 1984 [1], and now has been
well established in terms of both the underlying theory and
experimental applications [2]-[7]. However, in most of pre-
vious works, a fundamental requirement is that the target
trajectory must be invariant in all iterations. If however
there is a change in the target trajectory due to the variation
of control objectives or task specifications, no matter how
small it might be, the control system will have to restart
the learning process from the very beginning and the pre-
vious tracking information including control input signals
and tracking errors can no longer be used.
Nevertheless, in practice a control system may implement
different but highly correlated motion tasks. For instance,
consider that a XY -table draws a number of circles in spec-
ified time periods [8]. There are three different kinds of
operation specifications: 1) draw all the circles with the
same radius but different periods; 2) draw all the circles
with the same periods but different radii; 3) draw all the
circles which differ one from another in both radii and pe-
riods. Obviously, those control signals are inherently cor-
related because: 1) they are generated by the same robotic
dynamics and 2) each motion pattern is related (or propor-
tional) to another either in spatial distribution or in time s-
cale. Now, the control problem is whether a control system
can learn consecutively from different but highly correlated
tracking tasks.
In the existing literature, there are some works that have in-
vestigated learning control problems for iteration-varying

Invited Session: Advances in Iterative Learning Control Theory and
its Applications.

control tasks. In [9], D-type, PD-type, and PID-type learn-
ing algorithms were presented for tracking trajectories “s-
lowly” varying in the iteration domain. In that work, the
difference between two consecutive iterations is assumed
to be bounded by a small constant. Due to the presence of
non-parametric system uncertainties, only a bounded track-
ing error is guaranteed if the target trajectory keeps chang-
ing in the iteration axis. In [8], [10]-[12], direct learning
control and recursive direct learning control schemes were
developed to make the use of previously obtained control
information to generate control input for a new trajecto-
ry. However, a difficulty encountered in further expansion
of these direct learning control schemes is the requirement
for the perfect preceding control information and the open-
loop control nature. In [13], the authors developed a new
iterative learning control method based on composite ener-
gy function, where the target trajectories of any two con-
secutive iterations can be different, but the dynamics must
repeat in a fixed time interval. In a sense, it is a special
case of control tasks in the same time scale but different
magnitude scales. To the best of our knowledge, there are
no works dealing with learning control problems for target
trajectories that are different in both magnitude and time
scales. For these kinds of non-repeatable learning control
problems, in spite of the variations of the trajectory pattern-
s, it should be noted that the underlying dynamic properties
of the controlled system remain the same. We need to ex-
plore the inherent relations of different trajectory patterns
and the learning control scheme could potentially be both
plant-dependent and trajectory-dependent.

In this paper, a new adaptive iterative learning control
(AILC) scheme is designed by introducing a time scale fac-
tor to deal with control tasks with different magnitude and
time scales. By adopting the time scale transformations, all
the target trajectories are scaled into the same time scale,
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and the convergence of tracking errors for nonlinear sys-
tems with time-invariant and time-varying parametric un-
certainties are obtained based on Lyapunov theory. In this
way, the learning control system is capable of fully utiliz-
ing all the learned knowledge to solve different but some-
how correlated control problems. The main contribution of
this work is to show that the limitations of traditional ILC,
that the target trajectory must be identical in all iterations
and every trial must repeat in a fixed time duration, can be
removed.
The paper is organized as follows. In Section II, we formu-
late learning control problems for control tasks with differ-
ent magnitude and time scales. In Section III, the controller
design and convergence analysis are presented. Further, the
proposed AILC law is extended to nonlinear systems with
time-varying parametric uncertainties in Section IV. Last-
ly, Section V gives an illustrative example. Throughout this
paper, ḟ is the derivative of function f with respect to t.

2 PROBLEM FORMULATION

Consider the following nonlinear dynamic system

dx
dt

= θ T f(x)+ v(t), (1)

where x ∈ R is the system state; v ∈ R is the control input;
θ = [θ1,θ2, . . . ,θn]

T is the unknown vector-valued parame-
ter; and f(x) = [ f1(x), f2(x), . . . , fn(x)]T is a known vector-
valued function, which is a local Lipschitz function with
respect to x.
The target trajectory in the ith iteration is denoted as xr

i (ti),
ti ∈ [0,Ti], that could be different from iteration to iteration,
where ti is the time scale and Ti is the trial length of ith iter-
ation. Throughout this paper, we assume that the given tra-
jectories xr

i (ti) are at least continuously differentiable with
respect to the time ti.
Before addressing the non-repeatable learning control
problem, let us provide some notations and definitions that
would be useful in the derivation of our main result.

Definition 1 [8] Trajectory xi(ti), ti ∈ [0,Ti] is said to be
proportional to another trajectory x(t), t ∈ [0,T ] both in
magnitude and time scales if and only if

κ−1
i (ti)xi(ti) = x(t)

where κi(ti) ∕= 0 is the time-varying magnitude scaling fac-
tor and ρi(t) = ti is the time scaling factor, which is contin-
uously differentiable and satisfies ρi(0) = 0 and ρi(T ) = Ti.

Assumption 1 dρi(t)/dt > 0 and the inverse function

ρ{−1}
i (ti) of ρi(t) exists and is known, and the magnitude

scaling factor κi(ti) is continuously differentiable.

Remark 1 dρi(t)/dt > 0 implies that ρi(t) is a monoton-
ically increasing function with respect to the time t. The
conditions ρi(0) = 0 and ρi(T ) = Ti are satisfied for this
kind of monotonically increasing function.

Assume that xr
i (ti), i = 1,2,3, . . . are proportional to a tra-

jectory xr(t), t ∈ [0,T ]. According to the Definition 1,
there has κ−1

i (ti)xr
i (ti) = xr(t). Multiply κi(ti) on both

sides, we can obtain xr
i (ti) = κi(ti)xr(t) = κi(ρi(t))xr(t).

Denote γi(t) ≜ κi(ρi(t))xr(t), i = 1,2,3, . . . , it shows that
xr

i (ti) = γi(t), i = 1,2,3, . . . .
Since the target trajectory in the ith iteration is xr

i (ti) and
the time scale is ti ∈ [0,Ti], the dynamics in the ith iteration
is

dxi

dti
= θ T f(xi)+ vi(ti), ti ∈ [0,Ti]. (2)

Considering that γi(t) = κi(ρi(t))xr(t) = xr
i (ti) and ap-

plying a time scale transformation dti = ρ̇i(t)dt, we can
rewrite system (2) into the following form with the time
scale t ∈ [0,T ]

dxi

dt
=

dti
dt

(θ T f(xi)+ vi(ρi(t)))

= ρ̇i(t)θ T f(xi)+ ρ̇i(t)ui(t), (3)

where ui(t)≜ vi(ρi(t)).
Denote xi(t), t ∈ [0,T ] the solution of system (3) and
ei(t) ≜ xi(t)− γi(t), t ∈ [0,T ] the tracking error. The er-
ror dynamics in the ith iteration is

dei(t)
dt

=
xi(t)
dt

− γi(t)
dt

= ρ̇i(t)θ T f(xi)+ ρ̇i(t)ui(t)− γ̇i(t). (4)

The control objective is to tune ui(t) such that the tracking
error ei(t) converges to zero as the iteration number i → ∞.
As is common in ILC field, the following assumption is
made.

Assumption 2 Initial error satisfies the identical initial-
ization condition ei(0) = 0, ∀i ∈ Z+.

3 ILC DESIGN AND CONVERGENCE ANAL-
YSIS

In this section, based on the assumptions and notations that
were given in Section II, ILC design and convergence anal-
ysis are addressed, respectively.
The proposed controller is

ui(t) =−kei(t)+ γ̇i(t)/ρ̇i(t)− θ̂ T
i f(xi), t ∈ [0,T ] (5)

with the updating law

˙̂θi(t) = ρ̇i(t)f(xi)ei(t) (6)

with θ̂0(0) = 0, θ̂i+1(0) = θ̂i(T ), where k > 0 is a feedback
gain and θ̂i(t) is the estimation of θ in the ith iteration.
Then, our main result is presented in the following theorem.

Theorem 1 For the nonlinear system (1), under the as-
sumption 2, the AILC scheme (5) and (6) guarantees that
the tracking error converges to zero in L2[0,T ] norm, i.e.,

lim
i→∞

∣∣ei(t)∣∣L2[0,T ] = 0,

which leads to xi(ti)→ xr
i (ti), as i → ∞ in L2[0,T ] norm.
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Proof. Define the Lyapunov function for the ith iteration

V (ei,φi) =
1
2

e2
i (t)+

1
2

φ T
i (t)φi(t), i ∈ Z+, (7)

where φi(t) ≜ θ̂i(t)− θ is the estimation error. Note that
the error dynamics at the ith iteration, with the control law
(5), is

ėi(t) = ẋi(t)− γ̇i(t)

= −kρ̇i(t)ei(t)− ρ̇i(t)φ T
i (t)f(xi). (8)

Differentiating V with respect to t and substituting the error
dynamics (8) and the adaptation law (6) yield

V̇ (ei,φi) = ei(t)ėi(t)+φ T
i (t)φ̇i(t)

= −kρ̇e2
i (t)≤ 0. (9)

Integrate the derivative of V over [0,T ], and use the fact
∣ei(0)∣= 0 ≤ ∣ei(T )∣ and θ̂i+1(0) = θ̂i(T ),

V (0,φi(T )) ≤ V (ei(T ),φi(T )) (10)

= V (ei(0),φi(0))+
∫ T

0
V̇ dτ

= V (0,φi−1(T ))− k
∫ T

0
ρ̇i(τ)e2

i (τ)dτ .

By using the mathematical induction, we have

V (0,φi(T ))≤V (0,φ0(T ))− k
i

∑
j=1

∫ T

0
ρ̇ j(τ)e2

j(τ)dτ . (11)

From the finiteness of V (0,φ0(T )) and the positive definite-
ness of V (0,φi(T )), we can obtain

lim
i→∞

∫ T

0
ρ̇i(τ)e2

i (τ)dτ = 0. (12)

Since ρ̇i(t) is continuous with respect to t, t ∈ [0,T ], there
exists a constant α > 0 such that ρ̇i(t)≥ α . Then, it gives

α
∫ T

0
e2

i (τ)dτ ≤
∫ T

0
ρ̇i(τ)e2

i (τ)dτ . (13)

Thus, according to (12), it implies that
limi→∞

∫ T
0 e2

i (τ)dτ = 0, i.e., the tracking error ei(t) is
convergent in L2[0,T ] norm.

4 EXTENSION TO SYSTEMS WITH TIME-
VARYING PARAMETER

In this section, the proposed ILC scheme is extended to
nonlinear systems with time-varying parameter

dx
dt

= θ T (t)f(x)+ v(t), t ∈ [0,T ], (14)

where x ∈ R is the system state; v ∈ R is the control in-
put; θ(t) = [θ1(t),θ2(t), . . . ,θn(t)]T is the unknown time-
varying parameter; and f(x) = [ f1(x), f2(x), . . . , fn(x)]T is
a known vector-valued function, which is a local Lipschitz
function with respect to x. In addition, there exists a known
continuous function g(x)> 0 such that ∥f(x)∥ ≤ g(x).

The dynamics in the ithe iteration is

dxi

dti
= θ T (ti)f(xi)+ v(ti), ti ∈ [0,Ti], (15)

It is worth noting that if we apply the time scale transfor-
mation dti = ρ̇i(t)dt directly to the system (15), the system
can be rewritten as

dxi

dt
= ζ T

i (t)f(xi)+ui(t), t ∈ [0,T ], (16)

where ui(t) ≜ vi(ρi(t)) and ζi(t) ≜ θ(ρi(t)) is iteration-
time-varying. To solve the learning control problem for
system (16) with iteration-time-varying uncertainties ζi(t),
we give the following assumption.

Assumption 3 Assume that the time-varying parameters
θ j(t), j = 1,2, . . . ,n, are smooth and can be approximat-
ed as:

θ j(t) = ΦT
j (t)η j + ε j(t), j = 1,2, . . . ,n, (17)

in a sufficiently large interval [0,T ], where
T ≥ maxi≥1{T,Ti}, Φ j(t) = [ϕ j,1(t),ϕ j,2(t), . . . ,ϕ j,l j(t)]

T ,
l j ∈ Z+ is a known vector-valued function,
{ϕ j,k(t), k = 1,2, . . . , l j} is an orthonormal basis,
η j = [η j,1,η j,2, . . . ,η j,l j ]

T are unknown constant coef-
ficients, and ε j(t), j = 1,2, . . . ,n, are the approximate
errors.

Due to the boundedness of θ j(t) for t ∈ [0,T ], we have that
there exists a constant λ j > 0 such that ∣ε j(t)∣ ≤ λ j, t ∈
[0,T ]. Let

Φ(t) =

⎡
⎢⎢⎢⎣

Φ1(t) 0 ⋅ ⋅ ⋅ 0
0 Φ2(t) ⋅ ⋅ ⋅ 0
...

...
. . .

...
0 0 ⋅ ⋅ ⋅ Φn(t)

⎤
⎥⎥⎥⎦ ∈ Rn×∑n

j=1 l j ,

(18)
η = [ηT

1 ,ηT
2 , . . . ,ηT

n ]
T , and ε(t) = [ε1(t),ε2(t), . . . ,εn(t)]T ,

then θ(t) can be rewritten in the matrix form

θ(t) = ΦT (t)η + ε(t). (19)

Further, according to ∣ε j(t)∣ ≤ λ j, t ∈ [0,T ], there exists a
constant λ > 0 such that ∥ε(t)∥ ≤ λ for t ∈ [0,T ].
From (19), we have

θ(ti) = ΦT (ti)η + ε(ti), ti ∈ [0,Ti]. (20)

Substituting (20) into the system (15) yields

dxi

dti
= ηT Φ(ti)f(xi)+ εT (ti)f(xi)+ vi(ti). (21)

Similarly as the previous case with time-invariant param-
eters, apply the time scale transformation dti = ρ̇i(t)dt,
t ∈ [0,T ] to system (21), we can obtain

dxi

dt
= ρ̇i(t)ηT Ξi(t)f(xi)+ ρ̇i(t)ξ T

i (t)f(xi)+ ρ̇i(t)ui(t), (22)

2016 28th Chinese Control and Decision Conference (CCDC) 4283



where Ξi(t) ≜ Φ(ρi(t)), ξi(t) ≜ ε(ρi(t)) and ui(t) ≜
vi(ρi(t)). Since ∥ε(t)∥≤ λ for t ∈ [0,T ] and ∥f(x)∥≤ g(x),
we have

∣εT (t)f(x)∣ ≤ λg(x), t ∈ [0,T ]. (23)

Further, according to [0,Ti]⊆ [0,T ], it is obvious that

∣ξ T
i (t)f(xi)∣= ∣ε(ρi(t))f(xi)∣= ∣ε(ti)f(xi)∣ ≤ λg(xi). (24)

Denote η̂i(t) and λ̂i(t) the estimation of η and λ at the ith
iteration, respectively. The revised learning control law in
the ith iteration is

ui(t) = −kei(t)+ γ̇i(t)/ρ̇i(t)− η̂T
i Ξi(t)f(xi)

−sgn(ei(t))λ̂ig(xi), t ∈ [0,T ], (25)

where k > 0 is a feedback gain. The updating laws for η̂i(t)
and λ̂i(t) are

˙̂ηi(t) = ρ̇i(t)Ξi(t)f(xi)ei(t), (26)
˙̂λi(t) = ρ̇i(t)g(xi)∣ei(t)∣ (27)

with η̂0(0) = 0, η̂i+1(0) = η̂i(T ) and λ̂0(0) = 0, λ̂i+1(0) =
λ̂i(T ), respectively.
The convergence property of the proposed learning con-
troller is derived in the following theorem.

Theorem 2 For the nonlinear system (14), under the as-
sumptions 2, 3, the AILC scheme (25) with (26) and (27)
guarantees that the tracking error ei(t) is convergent in
L2[0,T ] norm.

Proof. The proof can be performed similarly as in the proof
of Theorem 1. Denote φi(t)≜ η̂i(t)−η and ψi(t)≜ λ̂i(t)−
λ the estimation errors and consider the Lyapunov function
in the ith iteration

V (ei,φi,ψi) =
1
2

e2
i (t)+

1
2

φ T
i (t)φi(t)+

1
2

ψ2
i (t). (28)

The error dynamics is

ėi(t) = ẋi(t)− γ̇i(t) (29)

= −kρ̇i(t)ei(t)− ρ̇i(t)φ T
i Ξi(t)f(xi)

+ρ̇i(t)ξ T
i (t)f(xi)− ρ̇i(t)λ̂ig(xi)sgn(ei(t)),

where the revised controller (25) is applied. Differentiating
V with respect to t and substituting the error dynamics (30),
the adaptation laws (26) and (27) yield

V̇ (ei,φi,ψi) = ei(t)ėi(t)+φ T
i (t)φ̇i(t)+ψi(t)ψ̇i(t)

= −kρ̇i(t)e
2
i (t)+ ρ̇i(t)ξ T

i (t)f(xi)ei(t)

−ρ̇i(t)λg(xi)∣ei(t)∣
≤ −kρ̇ie

2
i (t). (30)

Finally, similar as the time-invariant case, integrate both
sides of (30) over [0,T ] and use the mathematical induc-
tion, we have

V (0,φi(T ),ψi(T )) ≤ V (0,φ0(T ),ψ0(T )) (31)

−k
i

∑
j=1

∫ T

0
ρ̇ j(τ)e2

j(τ)dτ .

Thus, it follows that the tracking error is convergent in
L2[0,T ] norm due to the finiteness of V (0,φ0(T ),ψ0(T ))
and the positive definiteness of V (0,φi(T ),ψi(T )).
In general, the discontinuous control scheme (25) is avoid-
ed (if possible), since it causes not only the problem of
existence and uniqueness of solutions ([14]-[15]), but also
chattering ([16]) that may excite high-frequency unmod-
eled dynamics ([17]). It motivates us to seek an appropri-
ate smooth approximation of (25) that can guarantee the
boundedness of the parameter estimations η̂i(t) and λ̂i(t),
as well as the convergence of ei(t) to a reasonably small
neighborhood of the origin.
Let ε > 0 be a constant and consider the following smooth
learning scheme

ui(t) = −kei(t)+ γ̇i(t)/ρ̇i(t)− η̂T
i Ξi(t)f(xi)

−λ̂iω(xi,ei), t ∈ [0,T ], (32)

with the updating laws

˙̂ηi(t) = ρ̇i(t)Ξi(t)f(xi)ei(t)−σ1(η̂i(t)−η0), (33)
˙̂λi(t) = ρ̇i(t)ei(t)ω(xi,ei)−σ2(λ̂i(t)−λ 0) (34)

with η̂0(0) = 0, η̂i+1(0) = η̂i(T ) and λ̂0(0) = 0, λ̂i+1(0) =
λ̂i(T ), where ω(xi,ei) ≜ g(xi) tanh(ρ̇ig(xi)ei(t)/ε),
σ1,σ2 > 0, and η0, λ 0 are design constants. The updating
laws (33) and (34) incorporate a leakage term based on
a variant of σ modification [19][20]. By applying the
controller (32) with the updating laws (33) and (34),
the convergence property is summarize in the following
theorem.

Theorem 3 For the nonlinear system (14), under the as-
sumptions 2, 3, the AILC scheme (32) with (33) and (34)
guarantees that the tracking error ei(t) is ultimately bound-
ed in L2[0,T ] norm.

Proof. Let φi(t) ≜ η̂i(t)−η and χi(t) ≜ λ̂i(t)−λ ∗, where
λ ∗ ≜ max{λ ,λ 0}. Similarly as the previous case, the error
dynamics is

ėi(t) = −kρ̇i(t)ei(t)− ρ̇i(t)φ T
i Ξi(t)f(xi)

+ρ̇i(t)ξ T
i (t)f(xi)− ρ̇i(t)λ̂iω(xi,ei), (35)

where the controller (32) is applied. Differentiate the Lya-
punov function

V (ei,φi,χi) =
1
2

e2
i (t)+

1
2

φ T
i (t)φi(t)+

1
2

χ2
i (t), (36)

in the ith iteration, we have

V̇ (ei,φi,χi) = −kρ̇ie
2
i (t)+ ρ̇i(t)ξ T

i (t)f(xi)ei(t)

−ρ̇i(t)λ̂i(t)ei(t)ω(xi,ei)

+ρ̇i(t)χi(t)ei(t)ω(xi,ei)

−σ1φ T
i (t)(η̂i(t)−η0)

−σ2χi(t)(λ̂i(t)−λ 0), (37)

where the error dynamics (35) and two updating laws
(33) and (34) are used. By completing the square, and
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∣ξ T
i (t)f(xi)ei(t)∣ ≤ λ ∗g(xi)∣ei(t)∣, t ∈ [0,T ], we can obtain

V̇ (ei,φi,ψi) ≤ −kρ̇ie
2
i (t)−

1
2

σ1φ T
i (t)φi(t)− 1

2
σ2χ2

i (t)

+λ ∗[ρ̇i(t)g(xi)∣ei(t)∣− ρ̇i(t)ei(t)ω(xi,ei)]

+
1
2

σ1(η −η0)T (η −η0)

+
1
2

σ2(λ ∗ −λ 0)2, (38)

Claim[18]: The inequality 0 ≤ ∣u∣− u tanh( u
ε ) ≤ δε holds

for any ε > 0 and for any u ∈ ℝ, where δ is a constant that
satisfies δ = e−(δ+1), i.e., δ = 0.2785.
According to Assumption 1, we have ρ̇i(t) > 0 for t ∈
[0,T ]. Now, using the claim, it gives

λ ∗[ρ̇i(t)g(xi)∣ei(t)∣− ρ̇i(t)ei(t)ω(xi,ei)]

= λ ∗[ρ̇i(t)g(xi)∣ei(t)∣− ρ̇iei(t)g(xi) tanh(
ρ̇ig(xi)ei(t)

ε
)]

≤ λ ∗δε ≤ 1
2

λ ∗ε . (39)

Therefore, we obtain from (38)

V̇ (ei,φi,χi)≤−c[V (ei,φi,χi)− γ
c
], (40)

where c ≜ min{2kα,σ1,σ2} and γ ≜ 1
2 λ ∗ε + 1

2 σ1(η −
η0)T (η −η0)+ 1

2 σ2(λ ∗ −λ 0)2. Integrate (40) over [0,T ]
and apply the mathematical induction, we have

V (0,φi(T ),ψi(T )) ≤ V (0,φ0(T ),ψ0(T )) (41)

−c
i

∑
j=1

∫ T

0
[V (ei(τ),φi(τ),χi(τ))

−γ
c
]dτ .

Thus, according to the finiteness of V (0,φ0(T ),ψ0(T )) and
the positive definiteness of V (0,φi(T ),ψi(T )), it gives that

lim
i→∞

∫ T

0
V (ei(τ),φi(τ),χi(τ))dτ =

γT
c
. (42)

Finally, we have that the tracking error ei(t), t ∈ [0,T ],
and the estimate errors φi(t), χi(t), t ∈ [0,T ] are ultimately
bounded in L2[0,T ] norm.
In addition, from (38) and (39) , it shows

V̇ (ei,φi,ψi)≤−kρ̇ie
2
i (t)+ γ (43)

Similar as (42), we can get

V (0,φi(T ),ψi(T )) ≤ V (0,φ0(T ),ψ0(T )) (44)

−k
i

∑
j=1

∫ T

0
[ρ̇i(τ)e2

i (τ)−
γ
k
]dτ .

Since V (0,φ0(T ),ψ0(T )) is finite and V (0,φi(T ),ψi(T )) is
positive definite, it follows

∫ T

0
[ρ̇i(τ)e2

i (τ)−
γ
k
]dτ = 0. (45)

Therefore, we have limi→∞
∫ T

0 e2
i dτ ≤ γT

kα , i.e., the bound-
edness of tracking error ei(t), t ∈ [0,T ] in L2[0,T ] norm is
γT/(kα).

Remark 2 Theorem 3 reveals that the ultimate bound of
tracking error is related to the feedback gain k and the pa-
rameter γ . By increasing k and decreasing γ , the ultimate
bound of tracking error can be sufficient small, where γ is
determined by ε , σ1, σ2, η0 and λ 0.

5 ILLUSTRATIVE EXAMPLE

In order to show effectiveness of our proposed AILC al-
gorithm, we consider the following nonlinear system with
time-varying parameters

dxi

dti
= θ(ti)x3

i + vi(ti), (46)

where θ(ti) = esin(ti) + 2sin(cos(ti)), ti ∈ [0,Ti], and Ti is
the trial length of ith iteration. Similarly as example 1, let
the reference trajectory in the ith iteration be

xr
i (ti) = κi(ti)sin(λiti), ti ∈ [0,2π/λi], (47)

where λi = ∣sin(i)∣+ 1/2, κi(ti) = cos(ti)+ 3/2, and ti =
ρi(t) = t/λi. Assume

θ(ti) = ΦT (ti)η + ε(ti), (48)

where Φ(ti) = [1,sin(ti),cos(ti),sin(2ti),cos(2ti)], η =
[η1,η2,η3,η4,η5]

T and ∣ε(ti)x3
i ∣< λg(xi).

Set the feedback gain k = 1 and g(xi) = 0.5∣xi∣3 in the con-
troller (25) with (26) and (27). The performance of the
tracking error ∥ei∥L2 and the tracking performance for 1st
and 10th iterations are presented in Fig. 1 and Fig. 2, re-
spectively. In addition, Fig. 3 gives the control input signal
in the 100th iteration. It can be seen that since the sign
function is used in the controller (25), the input signal os-
cillates at high frequencies.
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Figure 1: Tracking error in L2-norm by using controller (25) with
(26) and (27).
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Figure 2: Output tracking profile by using controller (25) with
(26) and (27).
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Figure 3: Input signal in the 50th iteration by using controller
(25) with (26) and (27).

To avoid the chattering phenomena and demonstrate the ef-
fect of the function tanh(∙), we fix the feedback gain k = 1
and g(xi) = 0.5∣xi∣3 in (32) and set ε = 0.1. In addition,
choose σ1 = 10−3, σ2 = 10−2, η0 = λ 0 = 1 in the updat-
ing laws (33) and (34). The simulation results are shown in
Figs. 4 and 5. Although convergence speed by applying the
controller (32) is slower than that of (25), the control signal
with the controller (32), as shown in Fig. 5, is smooth. It
implies that the controller (32) with (33) and (34) is more
applicable to practical systems.
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Figure 4: Tracking error in L2-norm by using controller (32) with
(33) and (34).
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Figure 5: Input signal in the 50th iteration by using controller
(32) with (33) and (34).

6 Conclusion

This paper presents the AILC design and analysis result-
s for trajectories with different magnitude and time scales.
Due to the variation of the magnitude and time scales, a
new AILC scheme is developed by introducing time scale
transformations and the convergence of tracking error is
derived based on Lyapunov theory. The proposed AILC
scheme overcomes the limitation of traditional ILC that the
target trajectory must be identical in all iterations. In ad-
dition, the requirement on classic ILC that every trial must
repeat in a fixed time duration is absolutely removed. The
design method is novel and it is shown that the learning

control system is capable of fully utilizing all the learned
knowledge despite the iteratively varying tracking tasks.
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